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The classical generalization of general relativity is considered as the gravitational alternative
for a unified description of the early-time inflation with late-time cosmic acceleration. The struc-
ture and cosmological properties of a number of modified theories, including traditional F (R) and
Horˇava-Lifshitz F (R) gravity, scalar-tensor theory, string-inspired and Gauss-Bonnet theory, non-
local gravity, non-minimally coupled models, and power-counting renormalizable covariant gravity
are discussed. Different representations of and relations between such theories are investigated.
It is shown that some versions of the above theories may be consistent with local tests and may
provide a qualitatively reasonable unified description of inflation with the dark energy epoch. The
cosmological reconstruction of different modified gravities is provided in great detail. It is demon-
strated that eventually any given universe evolution may be reconstructed for the theories under
consideration, and the explicit reconstruction is applied to an accelerating spatially flat Friedmann-
Robertson-Walker (FRW) universe. Special attention is paid to Lagrange multiplier constrained
and conventional F (R) gravities, for latter F (R) theory, the effective ΛCDM era and phantom
divide crossing acceleration are obtained. The occurrences of the Big Rip and other finite-time
future singularities in modified gravity are reviewed along with their solutions via the addition of
higher-derivative gravitational invariants.
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4I. INTRODUCTION
Current theoretical cosmology is faced with two fundamental problems: what is inflation and what is dark energy?
In other words, why and how did both the very early and the very late universe expand with acceleration? What is
the reason for the similarity of the universe evolution at small as well as at large curvature?
The scenarios to describe these early-time and late-time accelerations are usually very similar, which is why it is
quite natural to expect that the same theory/principle lies behind both accelerating cosmological epochs. Indeed,
there are various proposals to construct an acceptable dark energy model, such as: scalar, spinor, (non-)abelian vector
theory, cosmological constant, fluid with a complicated equation of state, and higher dimensions. Remarkably, the
same proposals are also intended to describe inflationary era. As a result, we have a number of competing scenarios
with which to describe inflation and late-time acceleration. This situation is very reasonable due to the fact that the
evolution of the cosmological parameters is not defined with precise accuracy. Even their current values are defined
with at least 3-5% error. Moreover, working in framework of one of the above proposals, we are forced to introduce
the following extra cosmological components: inflaton, a dark component and dark matter. Even if such a scenario
seems to be partially successful, it immediately introduce a new set of problems: such as the following: coupling with
usual matter, (anti-)screening of dark components during the evolution of the universe, compatibility with standard
elementary particle theories, and consistency of formulation. Thus, another natural proposal is to not introduce extra
fields to resolve the cosmological problems, which is the most economical solution in the spirit of the Occam’s razor
principle.
The least understood and most fundamental force of nature is the gravitational interaction. It is expected that
general relativity is just an approximation that is valid at small curvatures and that is predicted by the Theory of
Everything (strings/M-theory). In the very early universe, some unknown gravitational theory dictated the evolution
of the universe. Thus, a very reasonable assumption is the gravitational alternative for a unified description of the
inflation and dark energy. In other words, the modified gravity, which represents a classical generalization of general
relativity, should consistently describe the early-time inflation and late-time acceleration, without the introduction of
any other dark component. A sector of modified gravity that contains the gravitational terms relevant at very high
energies produced the inflationary epoch. In the course of evolution, the curvature decreases and general relativity
gives a sufficient approximation in the intermediate universe. With a further decrease of the curvature, when sub-
dominant terms quickly grow, one sees the change from deceleration to cosmic acceleration. Thus, the early-time as
well as the late-time cosmic speed-up is caused simply by the fact that some sub-dominant terms of gravitational
action may become essential at large or small curvatures. Moreover, such an approach may also be considered as
dynamic solution of the cosmological constant problem. Of course, the complete gravitational action should be defined
by a fundamental theory, which remains to be the open problem of modern high-energy physics. In the absence of
fundamental quantum gravity, the modified gravity approach is a phenomenological model that is constructed by
complying with observational data and data from local tests.
In addition, just as by-product to be a cosmological model, the modified gravity may provide the explanation for
dark matter. It may resolve the coincidence problem simply by the fact of the universe expansion. It also may describe
the transition from deceleration to acceleration of the universe, and it may be useful for high-energy physics problems
(i.e., unification of all interactions, and hierarchy problem resolution). Even if the current universe is entering the
phantom phase, modified gravity effectively describes the transition from the non-phantom to phantom era without
the need to introduce the exotic matter (phantom) with extremely strange properties.
In this work, we present a detailed review of a number of popular models of modified gravity. Their properties
and different representations are discussed. Assuming the spatially flat FRW cosmology, we investigate the modified
gravity background evolution with the aim of achieving a unified description of the universe’s inflation with dark
energy epoch. Using sufficient freedom in the choice of the action as some function of curvature invariants, we develop
the cosmological reconstruction scheme, which is explicitly applied to obtain the (effective quintessence/cosmological
constant/phantom) accelerating expansion for the models under discussion. Late-time dynamics is analyzed and it is
shown that the future universe may end in one of the four known finite-time singularities. For instance, the effective
phantom superacceleration brings the universe to the famous Big Rip (or Type I) singularity [1]. In order to avoid
the future singularity one has to add the extra higher-derivative gravitational terms, which are relevant at the early
universe and help in the unification of early-time inflation with late-time acceleration because such terms induce
inflation.
It should be noted that, as a rule, modified gravity equations of motion are higher-derivative differential equations.
Thus, we consider only the background evolution of such theories in this report; we do not discuss the cosmological
perturbation theory. The reason for this is very simple. Actually, in almost all existing approaches to cosmological per-
turbations in modified gravity, the corresponding equations are reduced to second-order differential equations. Clearly,
this is not a well-justified approach, and the results obtained in this way are questionable. The new higher-derivative
covariant perturbation theory should be developed to obtain correct answers to the related circle of questions.
5The work is organized as follows. The second chapter gives the introduction to several popular models of modified
gravity: F (R)-theory, modified Gauss-Bonnet and string-inspired gravity, non-local gravity, non-minimally coupled
theories, F (R) Horˇava-Lifshitz gravity, and power-counting renormalizable covariant gravity. The general properties
of F (R)-theory are discussed in section IIA. Its different representations, namely Jordan frame, scalar-tensor form
(Einstein frame) and fluid representation, are given. The thermodynamics of Schwarzschild-(anti-)de Sitter space
are briefly discussed. Some local tests, in particular, the Newtonian regime and matter instability, are investigated.
Several specific models (i.e., theory with negative and positive curvature power terms, lnR-model, and exponential
theory), are presented. The spatially flat FRW cosmology is investigated. Viable modified gravities that allow the
unification of the early-time inflation with late-time acceleration are given (for the first work where such a unification
was proposed, see [2]). Note that the literature on F (R)-gravity is vast, and the earlier reviews on this theory are
given in refs. [3, 4]. Different aspects of F (R)-gravity are discussed in refs. [5–7], and various exact solutions are
presented in refs. [8]. The comparison with observational data and local tests is made in refs. [3, 4, 9]. As is indicated
in this work, there are a number of viable F (R) models that successfully pass local tests and are in accordance with
observational data.
Modified Gauss-Bonnet gravity is considered in section II B, and its spatially flat FRW equations are given. The
de Sitter solution and its thermodynamics are also studied, and the possibility of the unification of inflation with
dark energy is mentioned. Section II C is devoted to a brief study of string-inspired (scalar-Gauss-Bonnet) gravity.
The emergence of an accelerating dark energy epoch in such a model is proposed. The non-local generalization of
F (R)-gravity and Gauss-Bonnet gravity is discussed in section IID. We find the scalar-tensor representation for
such non-local gravities and investigate their spatially flat FRW cosmology. The possibility of early-time or late-time
acceleration is again demonstrated. Non-minimally coupled theories are presented in section II E. We consider the
theories where scalar, vector or Yang-Mills Lagrangian is multiplied to function F (R). FRW equations are given and
possibility of cosmic acceleration is mentioned. In section II F we propose modified F (R) Horˇava-Lifshitz gravity. The
original Horˇava-Lifshitz theory, based on general relativity, has been introduced as a candidate for renormalizable
quantum gravity at the price of the violation of the Lorentz invariance. The F (R) generalization of Horˇava-Lifshitz
gravity yields consistent FRW equations that coincide with equations associated with the conventional theory by
choosing the parameters to be specific values. We study several explicit models that are introduced in section IIA
in this framework and show that they may again predict the unified description of early-time inflation with dark
energy. Motivated by the Horˇava-Lifshitz proposal, the covariant power-counting renormalizable gravity is introduced
in section IIG. Two formulations of the theory: one utilizing an extra perfect fluid and the other using the Lagrange
multiplier constraint, are given. Accelerating FRW cosmology is briefly discussed. In section II D, it is shown that
arbitrary modified gravity may be interpreted as an effective fluid with an inhomogeneous equation of state. The
late-time evolution of a specific dark fluid with a power-law equation of state is investigated. It is demonstrated that
an effective quintessence/phantom fluid may drive the universe to a finite-time future singularity.
The background evolution of modified gravity is studied in the third chapter. Usually, in theories like general
relativity, we start from a theory that is defined by the action and solve the corresponding equations of motion to define
the background dynamics. However, an approach is already too complicated for simple models of modified gravity.
Thus, using the fact that modified gravity is defined up to some arbitrary function of curvature invariants, the inverse
problem is analyzed. The corresponding cosmological reconstruction scheme is proposed. Within the framework of
this scheme, we show how the complicated background cosmology, which complies with observational data, may be
reconstructed. This provides way to define (at least partially) the reconstructed form of modified gravity, which has
a particular cosmological solution. Section IIIA is devoted to a formulation of cosmological reconstruction (in terms
of cosmological time or in terms of e-folding N) for scalar-tensor gravity. Several examples of a (super)accelerating
epoch are used for the reconstruction of scalar potentials. This formulation is extended for the theory with two scalars
where the reconstruction of the transition from matter dominance to late-time acceleration as well as a reconstruction
of the ΛCDM epoch is done. In section III B, we study the reconstruction in the k-essence model, using both
formulations. Cosmological reconstruction for the F (R)-model, using its presentation with an auxiliary scalar, is
developed in section III C. The differential equation that provides the form of function F (R) for a given spatially flat
FRW cosmology is obtained. The ΛCDM epoch and dark era with a phantom divide crossing are reconstructed in
F (R)-gravity with/without matter in great detail. The general condition for the stability of the cosmological solution
is derived. F (R)-gravity with a Lagrange multiplier constraint is formulated, and its FRW cosmology is studied. In
sections IIID and III E, we propose the reconstruction of modified Gauss-Bonnet and scalar-Einstein-Gauss-Bonnet
gravities, respectively. In section III F, we show that the reconstruction is easily generalized for the case of F (R)
Horˇava-Lifshitz gravity. The explicit reconstruction of the ΛCDM epoch and of phantom superacceleration is fulfilled.
The cosmological reconstruction of the power-law FRW solution for non-minimal Yang-Mills theory is given in section
IIIG.
The fourth chapter is devoted to an investigation of late-time dynamics for effective quintessence/phantom dark
energy. It is demonstrated that, regardless of whether the dark energy model utilizes fluid, scalar or alternative
6gravity, the future universe may evolve to a finite-time singularity of one of four known types. The prescription to
resolve such a future singularity via the addition of a higher-derivative gravitational term is proposed. In section IVA,
we consider dark fluid coupled with dark matter. For a power-law equation of state, it is shown that the future dark
era may be singular, depending on the parameter choice. The coupling with dark matter may prevent some of the
soft future singularities. However, such coupling does not resolve the future singularity in a general case. Only the
addition of the R2-term may cure all types of future singularities in the model under consideration. In section IVB,
using the reconstruction method, we show that F (R) gravity may have late-time accelerating cosmological solutions
with all four types of finite-time future singularities. To avoid this, one should additionally modify the theory by
the R2 term. It is interesting that the use of such a term may be motivated by conformal anomaly considerations.
The same problem with qualitatively similar results is studied for modified Gauss-Bonnet and F (R) Horˇava-Lifshitz
gravities in section IVC and IVD. It is remarkable that, in the last case, one may need other higher-derivative
gravitational terms to resolve all types of future singularities.
A summary and outlook are given in the Discussion section.
II. MODIFIED GRAVITY UNIFYING THE EARLY-TIME INFLATION WITH LATE-TIME
ACCELERATION
This chapter is devoted to the general review of many popular models of modified gravity such as F (R) gravity,
modified Gauss-Bonnet gravity, string-inspired theory, non-local gravity and non-minimal theories. Their general
properties, different representations and background spatially flat FRW cosmologies are investigated. Special attention
is paid to possible unification of early-time inflation with late-time acceleration within such theories. The extension
of such a study to power-counting renormalizable gravity with explicit or apparent Lorentz symmetry breaking is also
made.
A. F (R) gravity
In this section, we give a review of general properties of F (R) gravity. Its scalar-tensor description is presented, and
some constant curvature solutions are discussed. A number of popular models are introduced, and their applications
for a unified description of inflation with dark energy are studied.
1. General properties
Let us start with the general introduction of the model. In F (R) gravity [3], the scalar curvature R in the Einstein-
Hilbert action1
SEH =
∫
d4x
√−g
(
R
2κ2
+ Lmatter
)
, (II.1)
is replaced by an appropriate function of the scalar curvature:
SF (R) =
∫
d4x
√−g
(
F (R)
2κ2
+ Lmatter
)
. (II.2)
Let us review the general properties of F (R) gravity. For F (R) theory, as for any other modified gravity theory,
one can define an effective EoS parameter using its fluid representation. The FRW equations in the Einstein gravity
coupled with perfect fluid are:
ρmatter =
3
κ2
H2 , pmatter = − 1
κ2
(
3H2 + 2H˙
)
. (II.3)
1 We use the following convention for the curvatures:
R = gµνRµν , Rµν = R
λ
µλν , R
λ
µρν = −Γ
λ
µρ,ν + Γ
λ
µν,ρ − Γ
η
µρΓ
λ
νη + Γ
η
µνΓ
λ
ρη , Γ
η
µλ
=
1
2
gην
(
gµν,λ + gλν,µ − gµλ,ν
)
.
7For modified gravity, one may define an effective equation of state (EoS) parameter as follows:
weff = −1− 2H˙
3H2
. (II.4)
This relation is very useful for a generalized fluid description of modified gravity.
The equation of motion for modified gravity is given by
1
2
gµνF (R)−RµνF ′(R)− gµνF ′(R) +∇µ∇νF ′(R) = −κ
2
2
Tmatterµν . (II.5)
Assuming a spatially flat FRW universe,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (II.6)
the FRW like equations are as follows:
0 = −F (R)
2
+ 3
(
H2 + H˙
)
F ′(R)− 18
(
4H2H˙ +HH¨
)
F ′′(R) + κ2ρmatter , (II.7)
0 =
F (R)
2
−
(
H˙ + 3H2
)
F ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
F ′′(R) + 36
(
4HH˙ + H¨
)2
F ′′′(R)
+κ2pmatter . (II.8)
Here, the Hubble rate H is defined by H = a˙/a and the scalar curvature R is given by R = 12H2 + 6H˙.
Several (often exact) solutions of (II.7) maybe found. However, due to the complicated nature of field equations,
the number of exact solutions is much less than, for instance, that in general relativity. Without any matter, assuming
that the Ricci tensor is covariantly constant, that is, Rµν ∝ gµν , Eq. (II.5) reduces to the algebraic equation:
0 = 2F (R)−RF ′(R) . (II.9)
If Eq. (II.9) has a solution, the (anti-)de Sitter and/or Schwarzschild- (anti-)de Sitter space
ds2 = −
(
1− 2MG
r
∓ r
2
L2
)
dt2 +
(
1− 2MG
r
∓ r
2
L2
)−1
dr2 + r2dΩ2 , (II.10)
or Kerr - (anti-)de Sitter space is an exact vacuum solution. In (II.10), the minus and plus signs in ± correspond to
the de Sitter and anti-de Sitter space, respectively. M is the mass of the black hole, G = κ
2
8π , and L is the length
parameter of (anti-)de Sitter space, which is related to the curvature R = ± 12L2 (the plus sign for the de Sitter space
and the minus sign for the anti-de Sitter space). For example, if we consider the model
F (R) = R− µ
2m+2
Rm
, (II.11)
with a constant µ with a mass dimension, the solution of (II.9) is given by
R = (2 +m)
1
m+1 µ2 . (II.12)
As another example, for a logarithmic model
F (R) = µ2 ln
R
R0
, (II.13)
with a constant R0, one gets
R = R0e
1
2 . (II.14)
The entropy of the Schwarzschild - (anti-)de Sitter space can be evaluated by the WKB approximation for the
Euclidean partition function Z [10]:
Z ∼ eSSdS . (II.15)
8Here, SSdS is the value of the classical action calculated in the Schwarzschild - (anti-)de Sitter space. Because the
value of SSdS diverges, we regularize the action by subtracting the value when the solution of the (anti-)de Sitter
space without a black hole is substituted [10]. The free energy F is given by
F = − 1
β
lnZ . (II.16)
And, using the standard thermodynamics relations,
S = − dF
dTH
, (II.17)
one can evaluate the entropy S. Here, TH is the Hawking temperature. Then, it follows that
S = F
′(R)AH
4G
. (II.18)
Here, AH expresses the area of the horizon.
Let us now assume that F (R) behaves as F (R) ∝ f0Rm. Eq. (II.7) gives
0 = f0
{
−1
2
(
6H˙ + 12H2
)m
+ 3m
(
H˙ +H2
)(
6H˙ + 12H2
)m−1
− 3mH d
dt
{(
6H˙ + 12H2
)m−1}}
+ κ2ρ0a
−3(1+w) .
(II.19)
Eq. (II.8) is irrelevant because it can be derived from (II.19). When the contribution from the matter can be neglected
(ρ0 = 0), the following solution appears:
H ∼ −
(m−1)(2m−1)
m−2
t
, (II.20)
with a corresponding EoS parameter (II.4):
weff = − 6m
2 − 7m− 1
3(m− 1)(2m− 1) . (II.21)
On the other hand, when the matter contribution is include with a constant EoS parameter w, an exact solution of
(II.19) is given by
a = a0t
h0 , h0 ≡ 2m
3(1 + w)
,
a0 ≡
[
−3f0h0
κ2ρ0
(−6h0 + 12h20)m−1 {(1− 2m) (1−m)− (2−m)h0}
]− 1
3(1+w)
, (II.22)
and the effective EoS parameter (II.4) is
weff = −1 + w + 1
m
. (II.23)
These solutions (II.20) and (II.22) show that modified gravity may describe early/late-time universe acceleration.
Moreover, it is very natural to propose that a more complicated modified gravity from the above class may give the
unified description for inflation with late-time acceleration.
2. Scalar-tensor description
Let us now introduce perfect fluid and scalar-tensor representations for the modified gravity under consideration.
These mathematically equivalent representations may simplify the investigation of a number of problems.
Eqs. (II.7) and (II.8) show that the effective energy density ρeff and the effective pressure peff including the contri-
bution from f(R) are given by (see, for instance, [11])
ρeff =
1
κ2
(
−1
2
f(R) + 3
(
H2 + H˙
)
f ′(R)− 18
(
4H2H˙ +HH¨
)
f ′′(R)
)
+ ρmatter , (II.24)
peff =
1
κ2
(
1
2
f(R)−
(
3H2 + H˙
)
f ′(R) + 6
(
8H2H˙ + 4H˙2 + 6HH¨ +
...
H
)
f ′′(R) + 36
(
4HH˙ + H¨
)2
f ′′′(R)
)
+pmatter . (II.25)
9The equations (II.7) and (II.8) can be rewritten as in the Einstein gravity case (II.3):
ρeff =
3
κ2
H2 , peff = − 1
κ2
(
3H2 + 2H˙
)
. (II.26)
Such a mathematically equivalent fluid representation for the FRW equations in modified gravity may lead to a
number of assumptions that are not well justified. Indeed, the generalized gravitational fluid contains higher-derivative
curvature invariants. This fact is often ignored in the study of cosmological perturbations in modified gravity when such
a theory is developed in strict similarity with general relativity, such that corresponding differential equations become
of second order (see, for instance, [12]). Indeed, first of all, the field equations of the theory under investigation are of
fourth order. It is evident that cosmological perturbation equations should be of fourth order as well. Moreover, such
equations should be covariant. The corresponding covariant and higher-derivative cosmological perturbation theory
(for review, see [13, 14]) is developed, but it is extremely complicated.
One can also rewrite F (R) gravity in the scalar-tensor form. By introducing the auxiliary field A, the action (II.2)
of the F (R) gravity is rewritten in the following form:
S =
1
2κ2
∫
d4x
√−g {F ′(A) (R−A) + F (A)} . (II.27)
By the variation of A, one obtains A = R. Substituting A = R into the action (II.27), one can reproduce the action
in (II.2). Furthermore, we rescale the metric in the following way (conformal transformation):
gµν → eσgµν , σ = − lnF ′(A) . (II.28)
Thus, the Einstein frame action is obtained:
SE =
1
2κ2
∫
d4x
√−g
(
R− 3
2
gρσ∂ρσ∂σσ − V (σ)
)
,
V (σ) = eσg
(
e−σ
)− e2σf (g (e−σ)) = A
F ′(A)
− F (A)
F ′(A)2
. (II.29)
Here g (e−σ) is given by solving the equation σ = − ln (1 + f ′(A)) = − lnF ′(A) as A = g (e−σ). Due to the scale
transformation (II.28), a coupling of the scalar field σ with usual matter arises. . The mass of σ is given by
m2σ ≡
3
2
d2V (σ)
dσ2
=
3
2
{
A
F ′(A)
− 4F (A)
(F ′(A))2
+
1
F ′′(A)
}
. (II.30)
Unless mσ is very large, the large correction to Newton’s law appears. Naively, one expects the order of the mass mσ
to be that of the Hubble rate, that is, mσ ∼ H ∼ 10−33 eV, which is very light and could make the correction very
large.
In [15], a “realistic” F (R) model was proposed. It has been found, however, that the model has an instability
where the large curvature can be easily produced (manifestation of a possible future singularity). In the model of
[15], a parameter m ∼ 10−33 eV with a mass dimension is included. The parameter m plays a role of the effective
cosmological constant. When the curvature R is large enough compared with m2, R≫ m2, F (R) [15] looks as follows:
F (R) = R− c1m2 + c2m
2n+2
Rn
+O (R−2n) . (II.31)
Here c1, c2, and n are positive dimensionless constants. The potential V (σ) (II.29) has the following asymptotic form:
V (σ) ∼ c1m
2
A2
. (II.32)
Then, the infinite curvature R = A → ∞ corresponds to a small value of the potential and, therefore, the large
curvature can be easily produced.
Let us assume that when R is large, F (R) behaves as
F (R) ∼ F0Rǫ . (II.33)
Here, F0 and ǫ are positive constants. We also assume ǫ > 1 so that this term dominates compared with general
relativity. Then, the potential V (σ)(II.29) behaves as
V (σ) ∼ ǫ− 1
ǫ2F0Rǫ−2
. (II.34)
10
Therefore, if 1 < ǫ < 2, the potential V (σ) diverges when R→∞ and, therefore, the large curvature is not realized so
easily. When ǫ = 2, V (σ) takes a finite value 1/F0 when R→∞. As long as 1/F0 is large enough, the large curvature
can be prevented.
Note that the anti-gravity regime appears when F ′(R) is negative, which follows from Eq. (II.27) [2]. Then, we
need to require
F ′(R) > 0 . (II.35)
We should also note that
dV (σ)
dA
=
F ′′(A)
F ′(A)3
(−AF ′(A) + 2F (A)) . (II.36)
Therefore, if
0 = −AF ′(A) + 2F (A) , (II.37)
the scalar field σ is on the local maximum or local minimum of the potential and, therefore, σ can be a constant.
Note that the condition (II.37) is nothing but the condition (II.9) for the existence of the de Sitter solution. When
the condition (II.37) is satisfied, the mass (II.30) can be rewritten as
m2σ =
3
2F ′(A)
(
−A+ F
′(A)
F ′′(A)
)
. (II.38)
Then, when the condition (II.35) for the non-existence of the anti-gravity is satisfied, the mass squared m2σ is positive
and, therefore the, scalar field is on the local minimum if
−A+ F
′(A)
F ′′(A)
> 0 . (II.39)
On the other hand, if
−A+ F
′(A)
F ′′(A)
< 0 , (II.40)
the scalar field is on the local maximum of the potential and the mass squared m2σ is negative. As we will see later,
the condition (II.39) is nothing but the condition for stability of the de Sitter space.
We have rewritten the action (II.2) of F (R) gravity in a scalar-tensor form (II.29). Inversely, it is always possible
to rewrite the action of the scalar-tensor theory
S =
∫
d4x
√−g
{
1
2κ2
R − 1
2
∂µϕ∂
µϕ− V˜ (ϕ)
}
, (II.41)
as the action of F (R) gravity [16]. By comparing (II.41) with (II.29), we find
ϕ =
√
3
κ
σ , V˜ (ϕ) = V
(
κ√
3
ϕ
)
. (II.42)
One now uses the conformal transformation
gµν → e±κϕ
√
2
3 gµν , (II.43)
to make the kinetic term of ϕ vanish. Then, we obtain
S =
∫
d4x
√−g
{
e±κϕ
√
2
3
2κ2
R− e±2κϕ
√
2
3 V˜ (ϕ)
}
. (II.44)
The action (II.44) is often called the “Jordan frame action”, whereas the action (II.41) is the “Einstein frame action”
due to either the non-minimal coupling or the standard coupling in front of the scalar curvature. Because ϕ now
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becomes an auxiliary field, which does not have a kinetic term, one may delete ϕ by using the corresponding equation
of motion:
R = e±κϕ
√
2
3
(
4κ2V˜ (ϕ) ± 2κ
√
3
2
V˜ ′(ϕ)
)
, (II.45)
which can be solved with respect to ϕ as a function of R as ϕ = ϕ(R). Thus, we can rewrite the action (II.44) in the
form of F (R) gravity:
S =
∫
d4x
√−gF (R) , F (R) ≡ e
±κϕ(R)
√
2
3
2κ2
R− e±2κϕ(R)
√
2
3 V˜ (ϕ(R)) . (II.46)
Note that one can rewrite the scalar-tensor theory (II.41) only when the sign in front of the kinetic term is negative,
that is, when the scalar field is canonical. One cannot rewrite the action if the sign is positive, as
S =
∫
d4x
√−g
{
1
2κ2
R +
1
2
∂µϕ∂
µϕ− V˜ (ϕ)
}
, (II.47)
which corresponds to the phantom scalar [17].
Note that, for the metric transformed as in (II.43), even if the Einstein frame universe is in a non-phantom phase,
where the effective EoS weff in (II.4) is larger than −1, the Jordan frame universe can be, in general, in a phantom
phase. In other words, despite the mathematical equivalence between two frames there occurs some kind of physical
non-equivalence [18]. More precisely, if physics in one frame is matched with observations and describes the observable
accelerating universe, then another frame of physics becomes extremely unconventional. For instance, instead of the
acceleration, the observer sees the deceleration, and matter couples with scalar, etc.
3. Matter instability
Let us discuss the matter instability issue [19] in modified gravity. It is related to the fact that the spherical body
solution in general relativity may not be the solution in modified gravity theory. The matter instability may appear
when the energy density or the curvature is large compared with the average density or curvature in the universe, as
is the case inside of a planet. Multiplying gµν with Eq. (II.5), one obtains
R+
F (3)(R)
F (2)(R)
∇ρR∇ρR+ F
′(R)R
3F (2)(R)
− 2F (R)
3F (2)(R)
=
κ2
6F (2)(R)
Tmatter . (II.48)
Here, Tmatter is the trace of the matter energy-momentum tensor: Tmatter ≡ Tmatter ρρ . We also denote dnF (R)/dRn
by F (n)(R). Let us now consider the perturbation from the solution of general relativity. We denote the scalar
curvature solution given by the matter density in the Einstein gravity by Rb ∼ (κ2/2)ρmatter > 0 and separate the
scalar curvature R into the sum of Rb and the perturbed part Rp as R = Rb + Rp (|Rp| ≪ |Rb|). Then, Eq. (II.48)
leads to the following perturbed equation:
0 = Rb +
F (3)(Rb)
F (2)(Rb)
∇ρRb∇ρRb + F
′(Rb)Rb
3F (2)(Rb)
− 2F (Rb)
3F (2)(Rb)
− Rb
3F (2)(Rb)
+Rp + 2
F (3)(Rb)
F (2)(Rb)
∇ρRb∇ρRp + U(Rb)Rp . (II.49)
Here, U(Rb) is given by
U(Rb) ≡
(
F (4)(Rb)
F (2)(Rb)
− F
(3)(Rb)
2
F (2)(Rb)2
)
∇ρRb∇ρRb + Rb
3
−F
(1)(Rb)F
(3)(Rb)Rb
3F (2)(Rb)2
− F
(1)(Rb)
3F (2)(Rb)
+
2F (Rb)F
(3)(Rb)
3F (2)(Rb)2
− F
(3)(Rb)Rb
3F (2)(Rb)2
. (II.50)
It is convenient to consider the case that Rb and Rp are uniform; that is, they do not depend on the spatial coordinates.
Thus, the d’Alembertian can be replaced with the second derivative with respect to the time coordinate: Rp →
−∂2tRp and Eq. (II.50) has the following structure:
0 = −∂2tRp + U(Rb)Rp + const. . (II.51)
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Then, if U(Rb) > 0, Rp becomes exponentially large with time t: Rp ∼ e
√
U(Rb)t and the system is unstable. In the
1/R model [20–22], because the order of the mass parameter mµ is
µ−1 ∼ 1018sec ∼ (10−33eV)−1 , (II.52)
one finds
U(Rb) = −Rb + R
3
b
6µ4
∼ R
3
0
µ4
∼ (10−26sec)−2( ρmatter
g cm−3
)3
, Rb ∼
(
103sec
)−2( ρmatter
g cm−3
)
. (II.53)
Thus, the model is unstable and it presumably decays in 10−26 sec (for a planet-sized object). On the other hand, in
a 1/R+R2 model [2], one gets
U(R0) ∼ R0
3
> 0 . (II.54)
Then, the system could be unstable again, but the decay time is ∼ 1, 000 sec, that is, macroscopic. For the model
[15], U(Rb) is negative
U(R0) ∼ − (n+ 2)m
2c22
c1n(n+ 1)
< 0 . (II.55)
Therefore, there is no matter instability. Note that the models considered in the following sections successfully pass
the matter instability test.
4. Unified theories without a flat space solution
We now review the F (R) models which do not have a flat space solution because of the non-analytical behavior at
zero curvature. Some of these such models may induce large corrections to Newton’s law.
Modified gravity with negative and positive powers of the curvature
In [2], the following action was proposed:
F (R) = R− c
(R− Λ1)n + b (R− Λ2)
m
. (II.56)
Here n, m, c, and b are constants. In general, n and m may be fractional. Let us show that the above model leads to
an acceptable cosmic speed-up and is consistent with some of the solar system tests.
For the action (II.56), Eq. (II.9) has the following form:
0 = R− c {(n+ 2)R− 2Λ1}
(R− Λ1)n+1
+ b {(2−m)R− 2Λ2} (R− Λ2)m . (II.57)
Especially when n = 1, m = 2, and Λ1 = 0, one gets
R = R± =
bΛ2 ±
√
b2Λ22 + 3c (1 + 2bΛ2)
1 + 2bΛ2
. (II.58)
If bΛ2 >, c < 0, and b
2Λ22 + 3c (1 + 2bΛ2) > 0, both of the solutions express the de Sitter space. Thus, the natural
possibility for the unification of early-time inflation with late-time acceleration appears. Here, higher-derivative terms
act in favor of early-time inflation, and the 1/R term supports a cosmic speed-up.
We now neglect the contribution from matter. When n = 1, m = 2, and Λ1 = Λ2 = 0 in (II.56) and the curvature
is small, we obtain the solution of (II.7): aˆ ∝ t2, which is consistent with the result in [20–22].
If the present universe expands with the above power-law, the curvature of the present universe should be small
compared with that of the de Sitter universe solution in (II.58). As the Hubble rate in the present universe is 10−33 eV,
the magnitude of the parameter c, which corresponds to µ4 in [20–22], is on the order of
(
10−33eV
)4
.
Let us consider the more general case that F (R) is given by (II.56) when the curvature is small and Λ1 = 0.
Neglecting the contribution from the matter again, solving (II.7), we obtain aˆ ∝ t (n+1)(2n+1)n+2 (see (II.20)). It is quite
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remarkable that actually any negative power of the curvature supports the cosmic acceleration. This gives the freedom
in modification of the model to achieve the better consistency with experimental tests of Newtonian gravity.
On the other hand, when the scalar curvature R is large, one obtains aˆ ∝ t− (m−1)(2m−1)m−2 (see (II.20)). When
(m−1)(2m−1)
m−2 > 0, the universe is shrinking but with a change in the arrow of time by t→ ts − t, the inflation occurs
with the inverse power-law. At t = ts, the size of the universe diverges. It is remarkable that when m is fractional
(or irrational) and 1 < m < 2, the expression of aˆ is still valid and the power becomes positive, the universe evolves
with the (fractional) power-law expansion.
It is interesting that the model in (II.56) is more consistent that refs. [20–22] (for a discussion of the Newtonian
limit in 1/R theory, see [23]) as it may pass (at least, some) solar system tests. An example of the tests is matter
instability as discusses in the previous subsection. Indeed, in [19], small gravitational object like the earth or the
sun in the model [20–22] is considered. It has been shown that the system becomes unstable. This may cause an
unacceptable force between distant galaxies [24, 25]. As shown in the previous subsection (see ref. [2]), however, by
adding the positive power (higher than 1) of the scalar curvature to the action, the instability could be significantly
improved. Furthermore, the account of quantum effects in modified gravity also acts against instability [26].
It has also been mentioned in [27] that the 1/R model [20–22], which is equivalent to scalar-tensor gravity, is
ruled out as a realistic theory due to the constraints to such Brans-Dicke-type theories. In [2], it was shown that
by adding the scalar curvature squared term to the action, the mass of the scalar field can be adjusted to be very
large and the scalar field can decouple. Thus, the modified gravity theory (II.56) (after some fine-tuning [2]) passes
most of the solar system tests. In addition, at precisely the same parameter values, the above modified gravity
has Newtonian limit that does not deviate significantly from that in general relativity. Nevertheless, as has been
mentioned at the very beginning, such theory has non-analytical behavior at zero (or some constant) curvature which
may be phenomenologically unacceptable.
lnR gravity
Other gravitational alternatives for dark energy may be suggested along this same line. As an extension of the
theory (II.56), one may consider the model [28] containing the logarithm of the scalar curvature R:
F (R) = R+ α′ ln
R
µ2
+ βRm . (II.59)
We should note that the m = 2 choice simplifies the model. Assuming the scalar curvature is constant and the Ricci
tensor is also covariantly constant, the equations (II.9) are as follows:
0 = 2F (R)−RF ′(R) = F˜ (R) ≡ R+ 2α′ ln R
µ2
− α′ . (II.60)
If α′ > 0, F˜ (R) is a monotonically increasing function and limR→0 F˜ (R) = −∞ and limR→+∞ F˜ (R) = +∞. There
is one and only one solution of (II.60). This solution may correspond to the inflation. On the other hand, if α′ < 0,
limR→0 F˜ (R) = ∞ and limR→+∞ = +∞. Because F˜ ′(R) = 1 + α′R , the minimum of F˜ (R), where F˜ ′(R) = 0, is
given by R = −2α′. If f˜(−2α′) > 0, there is no solution of (II.60). If f˜(−2α′) = 0, there is only one solution and if
f˜(−2α′) < 0, there are two solutions. Because f˜(−2α′) = −2α′
(
1− ln −2α′µ2
)
, there are two solutions if − 2α′µ2 > e.
Because the square root of the curvature R corresponds to the rate of the expansion of the universe, the larger of the
two solutions might correspond to the inflation in the early universe and the smaller one to the present accelerating
universe.
We can consider the late FRW cosmology when the scalar curvature R is small. Solving (II.7), it follows that the
power-law inflation could occur: aˆ ∝ t 12 .
One may discuss further generalizations like [28] (see also [29])
F (R) = R+ γR−n
(
ln
R
µ2
)m
. (II.61)
Here, n is restricted by n > −1 (m is an arbitrary integer) in order that the second term could be more dominant
than the Einstein term when R is small. For this model, we find
aˆ ∼ t (n+1)(2n+1)n+2 . (II.62)
This does not depend on m. The logarithmic factor is almost irrelevant. The effective weff (II.4) is given by
weff = − 6n
2 + 7n− 1
3(n+ 1)(2n+ 1)
. (II.63)
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Then, weff can be negative if
− 1 < n < −1
2
or n >
−7 +√73
12
= 0.1287 · · · . (II.64)
From (II.62), the condition that the universe could accelerate is given by (n+1)(2n+1)n+2 > 1, that is:
n >
−1 +√3
2
= 0.366 · · · . (II.65)
Clearly, the effective EoS parameter w may be within the existing bounds. Thus, the logarithmic model may also
propose the unified description of inflation with dark energy era.
5. Viable modified gravities
Using the previous arguments, let us review the viable models of gravity that could unify the accelerating expansion
of the present universe and the inflation of the early universe.
The realistic F (R) models unifying inflation with dark energy
In refs. [30–32], viable models of F (R) gravity unifying the late-time acceleration and the inflation were proposed.
To construct these models, we have required several conditions:
1. To generate the inflation, one requires
lim
R→∞
f(R) = −Λi . (II.66)
Here, Λi is an effective cosmological constant at the early universe; therefore, it is natural to assume Λi ≫(
10−33eV
)2
. For instance, it is natural to have Λi ∼ 1020∼38 (eV)2.
2. To enable the current cosmic acceleration to be generated, the current f(R) gravity is considered to be a small
constant, that is,
f(R0) = −2R˜0 , f ′(R0) ∼ 0 . (II.67)
Here, R0 is the current curvature R0 ∼
(
10−33eV
)2
. Note that R0 > R˜0 due to the contribution from matter.
In fact, if one can regard f(R0) as an effective cosmological constant, the effective Einstein equation gives
R0 = R˜0 − κ2Tmatter. Here, Tmatter is the trace of the matter energy-momentum tensor. Note that f ′(R0) need
not vanish completely. Because we consider the time scale from one billion years to ten billion years, we only
require |f ′(R0)| ≪
(
10−33 eV
)4
.
Instead of the model corresponding to (II.66), one may consider a model that satisfies
lim
R→∞
f(R) = αRm , (II.68)
with a positive integer m > 1 and a constant α. To avoid the anti-gravity f ′(R) > −1, α > 0 and, therefore,
f(R) should be positive at the early universe. On the other hand, Eq. (II.67) shows that f(R) is negative at
the present universe. Therefore, f(R) should cross zero in the past.
3. The last condition is
lim
R→0
f(R) = 0 , (II.69)
which means that there is a flat space-time solution.
One typical model proposed in ref. [30] that satisfies the above conditions is
f(R) =
αR2n − βRn
1 + γRn
. (II.70)
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Here, α, β, and γ are positive constants and n is a positive integer. Eq. (II.70) gives [30]
R0 =
{(
1
γ
)(
1 +
√
1 +
βγ
α
)}1/n
, (II.71)
and, therefore,
f(R0) ∼ −2R˜0 = α
γ2

1 +
(
1− βγα
)√
1 + βγα
2 +
√
1 + βγα

 . (II.72)
Then, it follows that
α ∼ 2R˜0R−2n0 , β ∼ 4R˜20R−2n0 Rn−1I , γ ∼ 2R˜0R−2n0 Rn−1I . (II.73)
In the model (II.70), the correction to Newton’s law is small because the mass mσ (II.30) is large and is given by
m2σ ∼ 10−160+109n eV2 in the solar system and m2σ ∼ 10−144+98n eV2 in the air on the earth [30]. In both cases, the
mass mσ is very large if n ≥ 2.
Another model corresponding to (II.66) was proposed in [32]
f(R) = −α0
(
tanh
(
b0 (R− R0)
2
)
+ tanh
(
b0R0
2
))
− αI
(
tanh
(
bI (R− RI)
2
)
+ tanh
(
bIRI
2
))
. (II.74)
One now assumes
RI ≫ R0 , αI ≫ α0 , bI ≪ b0 , (II.75)
and
bIRI ≫ 1 . (II.76)
When R→ 0 or R≪ R0, RI , f(R) behaves as
f(R)→ −
(
α0b0
2 cosh2
(
b0R0
2
) + αIbI
2 cosh2
(
bIRI
2
)
)
R . (II.77)
and f(0) = 0 again. When R≫ RI , it follows that
f(R)→ −2ΛI ≡ −α0
(
1 + tanh
(
b0R0
2
))
− αI
(
1 + tanh
(
bIRI
2
))
∼ −αI
(
1 + tanh
(
bIRI
2
))
. (II.78)
On the other hand, when R0 ≪ R≪ RI , one gets
f(R)→ −α0
[
1 + tanh
(
b0R0
2
)]
− αIbIR
2 cosh2
(
bIRI
2
) ∼ −2Λ0 ≡ −α0
[
1 + tanh
(
b0R0
2
)]
. (II.79)
Here, we have assumed the condition (II.76). One also finds
f ′(R) = − α0b0
2 cosh2
(
b0(R−R0)
2
) − αIbI
2 cosh2
(
bI(R−RI )
2
) , (II.80)
which has two valleys when R ∼ R0 or R ∼ RI . When R = R0,
f ′(R0) = −α0b0 − αIbI
2 cosh2
(
bI(R0−RI)
2
) > −αIbI − α0b0 . (II.81)
On the other hand, when R = RI , it follows that
f ′(RI) = −αIbI − α0b0
2 cosh2
(
b0(R0−RI)
2
) > −αIbI − α0b0 . (II.82)
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Due to the condition (II.35) required to avoid the anti-gravity regime, one obtains
αIbI + α0b0 < 2 . (II.83)
In the solar system domain, on or inside the earth, where R≫ R0, f(R) can be approximated by
f(R) ∼ −2Λeff + 2αe−b(R−R0) . (II.84)
On the other hand, because R0 ≪ R≪ RI , by assuming Eq. (II.76), f(R) (II.74) could also be approximated by
f(R) ∼ −2Λ0 + 2αe−b0(R−R0) , (II.85)
which has the same expression, after having identified Λ0 = Λeff and b0 = b. Thus, one may check the case (II.84)
only. The effective mass has the following form
m2σ ∼
eb(R−R0)
4αb2
, (II.86)
which could be very large, that is, m2σ ∼ 101,000 eV2 in the solar system and m2σ ∼ 1010,000,000,000 eV2 in the air
surrounding the earth. Thus, the correction to Newton’s law becomes negligible.
One may consider another model [30]:
f(R) = − (R−R0)
2k+1
+R2k+10
f0 + f1
{
(R −R0)2k+1 +R2k+10
} . (II.87)
It has been shown [30] that for k ≥ 10, such modified gravity passes the local tests. It also unifies the early-time
inflation with the dark energy epoch. In (II.87), R0 is the current curvature R0 ∼
(
10−33 eV
)2
. We also require
f0 ∼ R
2n
0
2
, f1 =
1
Λi
. (II.88)
Here Λi is the effective cosmological constant in the inflation epoch. When R≫ Λi, f(R) (II.87) behaves as
f(R) ∼ − 1
f1
+
f0
f21R
2n+1
. (II.89)
The trace equation, which is the trace part of (II.5), is as follows:
3f ′(R) = R+ 2f(R)−Rf ′(R)− κ2Tmatter . (II.90)
Here, Tmatter is the trace part of the matter energy-momentum tensor. For the FRW metric (II.6), one finds
R ∼ (ts − t)−2/(2n+3) , (II.91)
which diverges at a finite future time t = ts. By a similar analysis, we can show that if f(R) behaves as f(R) ∼ Rǫ for
large R with a constant ǫ, a future singularity appears if ǫ > 2 or ǫ < 0, which is consistent with the analysis (II.34)
via the scalar-tensor form of the action. Conversely if 2 ≥ ǫ ≥ 0, the singularity does not appear. Thus, adding the
term R2f˜(R), where limR→0 f˜(R) = c1, limR→∞ f˜(R) = c2, to f(R) (II.87), the future singularity (II.91) disappears.
More details about future singularities in modified gravity will be given in the fourth chapter.
Let us investigate the above situation in more detail. Assume
f(R) ∼ F0 + F1Rǫ , (II.92)
when R is large. Here F0 and F1 are constants where F0 may vanish but F1 6= 0. In the case of (II.89)
F0 = − 1
f1
, F1 =
f0
f21
, ǫ = − (2n+ 1) . (II.93)
Under the assumption (II.92), the trace equation (II.90) gives
3F1R
ǫ−1 =
{
R when ǫ < 0 or ǫ = 2
(2− ǫ)F1Rǫ when ǫ > 1 or ǫ 6= 2 . (II.94)
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In the FRW background (II.6), when the Hubble rate has a singularity as
H ∼ h0
(ts − t)β
, (II.95)
with constants h0 and β, the scalar curvature R = 6H˙ + 12H
2 behaves as
R ∼


12h20
(ts−t)2β when β > 1
6h0+12h
2
0
(ts−t)2 when β = 1
6βh0
(ts−t)β+1 when β < 1
. (II.96)
In (II.95) or (II.96), the β ≥ 1 case corresponds to Type I (Big Rip) singularity in [1, 33], 1 > β > 0 to Type III,
0 > β > −1 to Type II, and β < −1 (but β 6= integer) to Type IV.
The classification of the finite-time future singularities used above is given in ref. [34]:
• Type I (“Big Rip”) : For t → ts, a → ∞, ρeff → ∞ and |peff | → ∞. This also includes the case of ρeff , peff
being finite at ts. This singularity has been discovered in ref. [1]. Its manifestations in different models have
been studied in refs. [34].
• Type II (“sudden”) [35]: For t→ ts, a→ as, ρeff → ρs and |peff | → ∞.
• Type III : For t→ ts, a→ as, ρeff →∞ and |peff | → ∞.
• Type IV : For t → ts, a → as, ρeff → 0, |peff | → 0 and higher derivatives of H diverge. This also includes
the case in which peff (ρeff) or both of peff and ρeff tend to some finite values, whereas higher derivatives of H
diverge.
Here, ρeff and peff are defined by
ρeff ≡ 3
κ2
H2 , peff ≡ − 1
κ2
(
2H˙ + 3H2
)
. (II.97)
Substituting (II.96) into (II.94), one finds that there are two classes of consistent solutions. The first solution is
specified by β = 1 and ǫ > 1 (but ǫ 6= 2) case, which corresponds to the Big Rip (h0 > 0 and t < ts) or Big Bang
(h0 < 0 and t > ts) singularity at t = ts. Another solution is ǫ < 1, and β = −ǫ/ (ǫ− 2) (−1 < β < 1) case,
which corresponds to (II.91) and to the Type II future singularity. In fact, we find that ǫ = −2n− 1 and, therefore,
β + 1 = −2/(2n+ 3). We should note that when ǫ = 2, that is, f(R) ∼ R2, there is no singular solution. Therefore,
if the above term R2f˜(R), where limR→0 f˜(R) = c1, limR→∞ f˜(R) = c2, is added to f(R) in (II.87), the added term
dominates, and the modified f(R) behaves as f(R) ∼ R2. The future singularity (II.91) disappears. We also note
that if the Rn-term with n = 3, 4, 5, · · · is added, the singularity becomes (in some sense) worse because this case
corresponds to ǫ = n > 1, that is the Big Rip case. Using the potential that appears when we transform F (R) gravity
to scalar-tensor theory [36], it has been found that the future singularity may not appear in the case where 0 < ǫ < 2.
Thus, to avoid the finite-time future singularity, one has to add the R2-term to the above viable unification models.
f(R) =
αR2n − βRn
1 + γRn
+ cR2 , (II.98)
f(R) = −α0
(
tanh
(
b0 (R−R0)
2
)
+ tanh
(
b0R0
2
))
−αI
(
tanh
(
bI (R−RI)
2
)
+ tanh
(
bIRI
2
))
+ cR2 , (II.99)
f(R) = − (R−R0)
2k+1
+R2k+10
f0 + f1
{
(R −R0)2k+1 +R2k+10
} + cR2 . (II.100)
The addition of this term was proposed first in ref. [37], where it was shown that, in this case, the Big Rip singularity
disappears. Moreover, such a term, which effectively eliminates future singularity also supports the early-time inflation.
In other words, adding such a R2 term to the gravitational dark energy model (for instance, to viable dark energy
models [15, 38]) may lead to the emergence of an inflationary phase in the model as was first observed in ref. [2].
In the case when a model already contains the inflationary era, its dynamics will be changed by the R2-term. The
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investigation showing that the R2-term cures all types of future singularities was carried out in refs. [36, 39–41]. In
fact, it has been recently realized that some phenomenological problems [42–46] of F (R) dark energy (like achieving
a consistent description of neutron stars) may be resolved in the presence of the R2 term. Moreover, the traditional
phantom/quintessence (fluid/scalar) dark energy models often bring the universe to a finite-time future singularity.
It was demonstrated in ref. [47] that the natural method for eliminating the singularity in these models is again the
addition of the R2 term. In other words, resolving future singularities in specific dark energy models requires (at least
partly) modified gravity. We discuss these questions in more detail in the fourth chapter. Note also that in the above
models, there is no matter instability (Eq. (II.51)).
It should be noted that the exponential-type model may represent a very interesting proposal for the resolution of
the dark energy problem. Some versions of such a theory are
F (R) = R + α
(
e−bR − 1) or F (R) = R− α( ebR − 1
ebR + ebR0
)
, (II.101)
with constants α, b, and R0. This model, which was introduced in ref. [32] provides the accelerating cosmological
solutions without a future singularity. As a rule, the accelerating late-time cosmology leads asymptotically to a de
Sitter universe. It was shown [48] that such a model describes a realistic dark energy epoch that is compatible with
local and observational tests. Moreover, the number of free parameters is not big. Of course, one can consider different
modifications of the above model.
A more complicated but viable F (R) model
The above analysis shows that, to obtain a realistic and viable model, F (R) gravity should satisfy the following
conditions:
1. When R→ 0, the Einstein gravity is recovered, that is,
F (R)→ R that is, F (R)
R2
→ 1
R
. (II.102)
This also means that there is a flat space solution as in (II.69).
2. As will be discussed after Eq. (III.154), there appears a stable de Sitter solution, which corresponds to the
late-time acceleration and, therefore, the curvature is small R ∼ RL ∼
(
10−33 eV
)2
. This requires, when
R ∼ RL,
F (R)
R2
= f0L − f1L (R−RL)2n+2 + o
(
(R−RL)2n+2
)
. (II.103)
Here, f0L and f1L are positive constants and n is a positive integer. Of course, in some cases this condition may
not be strictly necessary. One can use it, for instance, to avoid a future singularity.
3. As will also be discussed after Eq. (III.154), there appears a quasi-stable de Sitter solution that corresponds
to the inflation of the early universe and, therefore, the curvature is large R ∼ RI ∼
(
1016∼19GeV
)2
. The de
Sitter space should not be exactly stable so that the curvature decreases very slowly. It requires
F (R)
R2
= f0I − f1I (R−RI)2m+1 + o
(
(R−RI)2m+1
)
. (II.104)
Here, f0I and f1I are positive constants and m is a positive integer.
4. Following the discussion after (II.33), when R→∞, to avoid the curvature singularity, it is proposed that
F (R)→ f∞R2 that is F (R)
R2
→ f∞ . (II.105)
Here, f∞ is a positive and sufficiently small constant. Instead of (II.105), we may take
F (R)→ f∞˜R2−ǫ that is F (R)
R2
→ f∞˜
Rǫ
. (II.106)
Here, f∞˜ is a positive constant and 0 < ǫ < 1. The above condition (II.105) or (II.106) prevents both the future
singularity and the singularity due to large density of matter.
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FIG. 1: The qualitative behavior of F (R)
R2
versus R in a viable model.
5. As in (II.35), to avoid the anti-gravity, we require
F ′(R) > 0 , (II.107)
which is rewritten as
d
dR
(
ln
(
F (R)
R2
))
> − 2
R
. (II.108)
6. Combining conditions (II.102) and (II.107), one finds
F (R) > 0 . (II.109)
7. To avoid the matter instability in (II.51) [19], we require
U(Rb) ≡ Rb
3
− F
(1)(Rb)F
(3)(Rb)Rb
3F (2)(Rb)2
− F
(1)(Rb)
3F (2)(Rb)
+
2F (Rb)F
(3)(Rb)
3F (2)(Rb)2
− F
(3)(Rb)Rb
3F (2)(Rb)2
< 0 . (II.110)
The conditions 1 and 2 show that an extra, unstable de Sitter solution must appear at R = Re (0 < Re < RL) (see
Fig.1). The universe evolution will stop at R = RL because the de Sitter solution R = RL is stable; the curvature
never becomes smaller than RL and, therefore, the extra de Sitter solution is not realized. The behavior of
F (R)
R2 ,
which satisfies the conditions (II.102), (II.103), (II.104), (II.105), and (II.109) is given in Fig.1.
An example of such F (R) gravity is given in [49]
F (R)
R2
=
{
(Xm (RI ;R)−Xm (RI ;R1)) (Xm (RI ;R)−Xm (RI ;RL))2n+2
+Xm (RI ;R1)Xm (RI ;RL)
2n+2
+ f2n+3∞
} 1
2n+3
,
Xm (RI ;R) ≡ (2m+ 1)R
2m
I
(R−RI)2m+1 +R2m+1I
. (II.111)
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Here, n and m are integers greater or equal to unity, and n,m ≥ 1 and R1 is a parameter related with Re by
X (RI ;Re) =
(2n+ 2)X (RI ;R1)X (RI ;R1) +X (RI ;RL)
2n+ 3
. (II.112)
It is assumed that
0 < R1 < RL ≪ RI . (II.113)
X (RI ;R) is a monotonically decreasing function of R and, in the limit R→ 0, X (RI ;R) behaves as
X (RI ;R)→ 1
R
, (II.114)
which shows that in the limit R→ 0, F (R) (II.111) reproduces Eq. (II.102) and, therefore, the condition 1 is satisfied.
On the other hand, when R→∞,
X (RI ;R)→ (2m+ 1)R
2m
I
R2m+1
→ 0 , (II.115)
and, therefore, F (R) behaves as (II.105) and the condition 4 is satisfied.
When R ∼ RL, we find the behavior of (II.103), where
f0L =
{
Xm (RI ;R1)Xm (RI ;RL)
2n+2
+ f2n+3∞
} 1
2n+3
,
f1L =
1
2m+ 3
{
Xm (RI ;R1)Xm (RI ;RL)
2n+2
+ f2n+3∞
}− 2(n+1)2n+3
(Xm (RI ;R1)−Xm (RI ;RL))
× (2m+ 1)
4(m+1) {RI (RL −RI)}4m(m+1){
(RL −RI)2m+1 +R2m+1I
}4(m+1) . (II.116)
Then, the condition 2 is satisfied.
On the other hand, when R ∼ RI , we also find the behavior of (II.104), where
f0I =
{
(Xm (RI ;RI)−Xm (RI ;R1)) (Xm (RI ;RI)−Xm (RI ;RL))2n+2
+Xm (RI ;R1)Xm (RI ;RL)
2n+2
+ f2n+3∞
} 1
2n+3
f1I =
2m+ 1
R2m+2I
{
(Xm (RI ;RI)−Xm (RI ;R1)) (Xm (RI ;RI)−Xm (RI ;RL))2n+2
+Xm (RI ;R1)Xm (RI ;RL)
2n+2 + f2n+3∞
} 2(n+1)
2n+3
{
(Xm (RI ;RI)−Xm (RI ;RL))2n+2
+(2n+ 2) (Xm (RI ;RI)−Xm (RI ;R1)) (Xm (RI ;RI)−Xm (RI ;RL))2n+1
}
. (II.117)
Thus, the condition 3 is satisfied.
Let us now investigate the mass of the scalar field σ to determine whether or not the Chameleon mechanism [50, 51]
works or not. For this purpose, one investigates the region R1 < RL ≪ R ≪ RI . In this region, Xm (RI ;R) can be
approximated as
Xm (RI ;R) ∼ 1
R
, Xm (RI ;R1) ∼ 1
R1
, Xm (RI ;RL) ∼ 1
RL
. (II.118)
Then¡ F (R) can be approximated as
F (R)
R2
∼ f∞ + fn
R
, fn ≡ R1 + (2n+ 2)RLf
−2n−2
∞
(2n+ 3)R1R
2n+2
L
∼ f
−2n−2
∞
R2n+2L
. (II.119)
In the last equation, it was assumed that R1 ∼ RL. If f∞R≪ fn or
1
f2n+3∞
≫ RR2n+2L , (II.120)
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one gets
m2σ ∼
3
4f∞
. (II.121)
If we consider the region inside the earth, because 1 g ∼ 6× 1032 eV and 1 cm ∼ (2× 10−5 eV)−1, the density is about
ρmatter ∼ 1g/cm3 ∼ 5 × 1018 eV4. This shows that the magnitude of the curvature is R ∼ κ2ρmatter ∼
(
10−19 eV
)2
.
In the air on the earth, one finds ρmatter ∼ 10−6g/cm3 ∼ 1012 eV4, which gives R0 ∼ κ2ρmatter ∼
(
10−25 eV
)2
. In the
solar system, there could be interstellar gas. Typically, in the interstellar gas, there is one proton (or hydrogen atom)
per 1 cm3, which shows ρmatter ∼ 10−5 eV4, R0 ∼ 10−61 eV2. Then, the condition (II.120) can be easily satisfied;
for example, we can choose 1f∞ ∼ MeV
2. Then, the Compton length of the scalar field becomes very small, and the
correction to Newton’s law is negligible.
One can now check the matter (in)stability issue [19]. In the earth or sun, the condition R1 < RL ≪ R ≪ RI is
satisfied and, therefore, F (R) behaves as (II.119). Then, U(Rb) in (II.110) is given by
U(Rb) ∼ − fn
6f∞
< 0 . (II.122)
Because U(Rb) is negative, the matter instability does not occur in the model under consideration.
The condition 5 remain to be checked. Because F (R) (II.111) satisfies Eqs. (II.102) and (II.105), it is clear that
Eq. (II.107) or (II.108) and, therefore, the condition 5 are satisfied when R → 0 or R → ∞. Because F (R)R2 is a
monotonically increasing function of R in the region Re < R < RL, Eq. (II.107) or (II.108) is trivially satisfied in
the region. In the region R1 < RL ≪ R ≪ RI , because F (R)R2 behaves as (II.119), Eq. (II.107) or (II.108) is again
satisfied. Then, the condition 5 seems to be satisfied throughout the whole region.
After the inflation at R = RI , the radiation and the matter are generated. If the matter and radiation energy
densities dominate compared with the contribution from f(R) = F (R) − R, that is, only the first term in (II.24)
dominates, a radiation/matter dominated-universe will be realized. The radiation and matter densities decrease
rapidly compared with the contribution from the f(R) term at late-time universe. When curvature arrives at R ∼ RL,
the late-time acceleration occurs.
The condition (II.106) indicates that the R2 term appears in the very high curvature region. The R2 term will
generate an inflation besides the inflation at R = RI if the universe started with a very high curvature R ≫ RI .
Because the inflation due to the R2-term is unstable, the inflation at the very early stage would stop; however when
the curvature decreases and reaches R ∼ RI , the inflationary phase will occur again.
Thus, we demonstrated that a number of viable F (R) gravity models may explain the early-time inflation in
addition to the dark energy epoch in a unified way. It will be shown in the third chapter that when such a unification
is problematic, one can use cosmological (partial/complete) reconstruction to ensure it.
B. f(G) gravity
1. General properties
Let us consider another class of modified gravity where the arbitrary function added to the action of the general
relativity depends on topological Gauss-Bonnet invariant. It has been shown recently that such a class of modified
gravity is closely related with (super)string theory. The starting action is given by [52–54]:
S =
∫
d4x
√−g
(
1
2κ2
R+ f(G) + Lmatter
)
. (II.123)
Here, Lmatter is the Lagrangian density of matter and G is the Gauss-Bonnet invariant:
G = R2 − 4RµνRµν +RµνξσRµνξσ . (II.124)
By the variation of the metric gµν , we obtain
0 =
1
2κ2
(
−Rµν + 1
2
gµνR
)
+ T µνmatter +
1
2
gµνf(G)− 2f ′(G)RRµν
+4f ′(G)RµρRνρ − 2f ′(G)RµρστRνρστ − 4f ′(G)RµρσνRρσ + 2 (∇µ∇νf ′(G))R
−2gµν (∇2f ′(G))R− 4 (∇ρ∇µf ′(G))Rνρ − 4 (∇ρ∇νf ′(G))Rµρ
+4
(∇2f ′(G))Rµν + 4gµν (∇ρ∇σf ′(G))Rρσ − 4 (∇ρ∇σf ′(G))Rµρνσ . (II.125)
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It is interesting to note that some memory of the fact that the Gauss-Bonnet term is topological invariant is contained
in the above equation of motion. Indeed, it will be seen that such an equation of motion does not contain the
higher-derivative terms as, for instance, the theory in the previous section.
Choosing the spatially flat FRW universe metric (II.6), the equation corresponding to the first FRW equation has
the following form:
0 = − 3
κ2
H2 − f(G) + Gf ′(G)− 24G˙f ′′(G)H3 + ρmatter . (II.126)
In the FRW universe (II.6), G looks like:
G = 24
(
H2H˙ +H4
)
. (II.127)
Then, from Eq. (II.126), the FRW like equations, as in the Einstein gravity case (II.3), we find
ρGeff =
3
κ2
H2 , pGeff = −
1
κ2
(
3H2 + 2H˙
)
. (II.128)
Here,
ρGeff ≡ −f(G) + Gf ′(G)− 24G˙f ′′(G)H3 + ρmatter ,
pGeff ≡ f(G)− Gf ′(G) +
2GG˙
3H
f ′′(G) + 8H2G¨f ′′(G) + 8H2G˙2f ′′′(G) + pmatter . (II.129)
When ρmatter = 0, Eq. (II.126) has a de Sitter universe solution where H , and therefore G, are constant. For H = H0,
with a constant H0, Eq. (II.126) turns into
0 = − 3
κ2
H20 + 24H
4
0f
′ (24H40)− f (24H40) . (II.130)
As an example, we consider the model
f(G) = f0 |G|β , (II.131)
with constants f0 and β. Then, the solution of Eq. (II.130) is given by
H40 =
1
24 (8 (n− 1)κ2f0)
1
β−1
. (II.132)
For a large number of choices of the function f(G), Eq. (II.130) has a non-trivial (H0 6= 0) real solution for H0
(de Sitter universe). The late-time cosmology for above theory without matter has been discussed for a number of
examples in refs. [52–54]. We will refer to these studies in the following.
The de Sitter universe can be expressed as an accelerating, expanding universe,
ds2 = −dt2 + e2H0t
∑
i=1,2,3
(
dxi
)2
. (II.133)
Changing the coordinates, the de Sitter universe can be described by the static metric, which can be obtained by
putting M = 0 in the metric (II.10) (and choosing the minus sign in ∓):
ds2 = −
(
1− r
2
L2
)
dt2 +
(
1− r
2
L2
)−1
dr2 + r2dΩ2 . (II.134)
The length parameter L can be identified with 1/H0. Note that there is a cosmological horizon at r = L. When
r ∼ L, by the Wick-rotating time coordinate t = iτ , the metric has the following form:
ds2 ∼ 2
(
1− r
L
)
dτ2 +
dr2
2
(
1− rL
) + l2dΩ2 . (II.135)
Changing the radial coordinate r to ρ as
r = L
(
1− ρ
2
2L2
)
, (II.136)
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the metric (II.135) can be rewritten as
ds2 ∼ ρ
2
L2
dτ2 + dρ2 + l2dΩ2 . (II.137)
To avoid the conical singularity at ρ = 0, the periodicity condition for the coordinate τ should be imposed as
τ ∼ τ + 2πL. Thus, the Hawking temperature TH is defined as
TH =
1
2πL
. (II.138)
Let us now calculate the entropy like in Eq. (II.18). The partition function Z (II.16) can be evaluated from the action
(II.123) by neglecting the matter Lagrangian Lmatter and substituting the metric of the de Sitter universe (II.134):
− lnZ ∼ S = 4π
∫ 2πL
0
dt
∫ L
0
drr2
(
6
κ2L2
+ f
(
24
L4
))
=
8π2L4
3
(
6
κ2L2
+ f
(
24
L4
))
=
1
6π2T 4H
(
24π2T 2H
κ2
+ f
(
384π4T 4H
))
. (II.139)
Note that R = 12L2 and G = 24L4 . Using (II.16) and (III.148), the free energy F and the entropy S are
F = 1
6π2T 3H
(
24π2T 2H
κ2
+ f
(
384π4T 4H
))
, (II.140)
S = − 4
κ2T 2H
− f
(
384π4T 4H
)
2π2T 4H
256π2f ′
(
384π4T 4H
)
= −16π
2L2
κ2
− 8π2L4f
(
24
L4
)
+ 256π2f ′
(
24
L4
)
. (II.141)
Because H0 =
1
L , Eq. (II.130) can be rewritten as
0 = − 3
κ2L2
+
24
L4
f ′
(
24
L4
)
− f
(
24
L4
)
. (II.142)
By using (II.142), the entropy (II.141) has the following expression:
S = AH
4G
+ 64π2f ′
(
24
L4
)
. (II.143)
Here, AH is the area of the cosmological horizon: AH = 4πL
2 and G = κ
2
8π . When f(G) is a constant, which corresponds
to the cosmological constant, Eq. (II.143) reproduces the standard result.
One now considers the case ρmatter 6= 0. Assuming that the EoS parameter w ≡ pmatter/ρmatter is a constant, using
the conservation of energy:
ρ˙matter + 3H (ρmatter + pmatter) = 0 , (II.144)
we find ρ = ρ0a
−3(1+w). When the function f(G) is chosen as in (II.131), again, if β < 1/2, the f(G) term becomes
dominant compared with the Einstein term when the curvature is small. If we neglect the contribution from the
Einstein term in (II.126), the following solution may be found
a = a0t
h0 when h0 > 0 , a = a0 (ts − t)h0 when h0 < 0 ,
h0 =
4β
3(1 + w)
, a0 =
[
− f0(β − 1)
(h0 − 1) ρ0
{
24
∣∣h30 (−1 + h0)∣∣}β (h0 − 1 + 4β)]− 13(1+w) . (II.145)
Thus, the effective EoS parameter weff (II.4) is less than −1 if β < 0, and for w > −1, it is
weff = −1 + 2
3h0
= −1 + 1 + w
2β
, (II.146)
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which is again less than −1 for β < 0. Thus, if β < 0, we obtain an effective phantom with negative h0 even when
w > −1. In the phantom phase, the Big Rip might seem to occur at t = ts. Near this Big Rip, however, the curvature
becomes dominant and then the Einstein term dominates, so the f(G) term can be neglected. Therefore, the universe
behaves as a = a0t
2/3(w+1) and as a consequence, the Big Rip does not occur. The phantom era is thus transient.
The case when 0 < β < 1/2 may also be considered. As β is positive, the universe does not reach the phantom
phase. When the curvature is large, the f(G) term in the action (II.123) can be neglected and one can work with the
Einstein gravity. Then, if w is positive, the matter energy density ρmatter should behave as ρmatter ∼ t−2, but f(G)
goes as f(G) ∼ t−4β. For late times (large t), the f(G) term may become dominant as compared with the Lagrangian
density of matter. Neglecting the contribution from matter, Eq. (II.126) has a de Sitter universe solution where H ,
and, therefore, G, are constant. If H = H0 with a constantH0, Eq. (II.126) looks as (II.130). As a consequence, even if
we start from the deceleration phase with w > −1/3, an asymptotically de Sitter universe emerges. Correspondingly,
a transition also occurs here from deceleration to acceleration of the universe.
Now, we consider the case in which the contributions from the Einstein and matter terms can be neglected.
Eq. (II.126) reduces to
0 = Gf ′(G)− f(G)− 24G˙f ′′(G)H3 . (II.147)
If f(G) behaves as (II.131), assuming
a =
{
a0t
h0 when h0 > 0 (quintessence)
a0 (ts − t)h0 when h0 < 0 (phantom) , (II.148)
one obtains
0 = (β − 1)h60 (h0 − 1) (h0 − 1 + 4β) . (II.149)
As h0 = 1 implies G = 0, one may choose
h0 = 1− 4β , (II.150)
and Eq. (II.4) gives
weff = −1 + 2
3(1− 4β) . (II.151)
Therefore, if β > 0, the universe is accelerating (weff < −1/3), and if β > 1/4, the universe is in a phantom phase
(weff < −1). Thus, we are led to consider the following model:
f(G) = fi |G|βi + fl |G|βl , (II.152)
where it is assumed that
βi >
1
2
,
1
2
> βl >
1
4
. (II.153)
Then, when the curvature is large, as in the primordial universe, the first term dominates, compared with the second
term and the Einstein term, and it gives
− 1 > weff = −1 + 2
3(1− 4βi) > −
5
3
. (II.154)
On the other hand, when the curvature is small, as is the case in the present universe, the second term in (II.152)
dominates compared with the first term and the Einstein term and yields
weff = −1 + 2
3(1− 4βl) < −
5
3
. (II.155)
Therefore, theory (II.152) can produce a model that is able to describe inflation and the late-time acceleration of the
universe in a unified manner.
Instead of (II.153), one may also choose βl as
1
4
> βl > 0 , (II.156)
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which gives
− 1
3
> weff > −1 . (II.157)
Then, we obtain an effective quintessence epoch. Moreover, by properly adjusting the couplings fi and fl in (II.152),
one can obtain a period where the Einstein term dominates and the universe is in a deceleration phase. After that,
a transition occurs from deceleration to acceleration when the Gauss-Bonnet term becomes the dominant one. More
choices of f(G) may be studied for the purpose of the construction of the current accelerating universe. Nevertheless,
many non-linear choices for this function may be approximated by the above model. For instance, one can mention
some realistic examples of f(G) gravity:
f1(G) = a1G
n + b1
a2Gn + b2 , f2(G) =
a1Gn+N + b1
a2Gn + b2 . (II.158)
Let us address the issue of the correction to Newton’s law. Let g(0) be a solution of (II.125) and represent the
perturbation of the metric as gµν = g(0)µν+hµν . First, we consider the perturbation around the de Sitter background.
The de Sitter space metric is taken as g(0)µν , which gives the following Riemann tensor:
R(0)µνρσ = H
2
0
(
g(0)µρg(0)νσ − g(0)µσg(0)νρ
)
. (II.159)
The flat background corresponds to the limit of H0 → 0. For simplicity, the following gauge condition is chosen:
gµν(0)hµν = ∇µ(0)hµν = 0. Then Eq. (II.125) gives
0 =
1
4κ2
(∇2hµν − 2H20hµν)+ Tmatterµν . (II.160)
The Gauss-Bonnet term contribution does not appear except in the length parameter 1/H0 of the de Sitter space,
which is determined by taking into account the Gauss-Bonnet term. This may occur due to the special structure of the
Gauss-Bonnet invariant. Eq. (II.160) shows that there is no correction to Newton’s law in de Sitter space and even in
the flat background corresponding to H0 → 0, regardless of the form of f (at least, with the above gauge condition).
In contrast, the study of the Newtonian limit in 1/R gravity indicates that significant corrections to Newton’s law
may appear as is shown in refs. [23]. For most 1/R models, the corrections to Newton’s law do not comply with solar
system tests.
By introducing two auxiliary fields, A and B, one can rewrite the action (II.123) as
S =
∫
d4x
√−g
( 1
2κ2
R+B (G − A)
+f(A) + Lmatter
)
. (II.161)
By the variation of the action (II.161) with respect to B, it follows that A = G. Using this in (II.161), the action
(II.123) is recovered. Alternatively, varying the action (II.161) with respect to A in (II.161), one gets B = f ′(A), and,
thus,
S =
∫
d4x
√−g
( 1
2κ2
R+ f ′(A)G −Af ′(A) + f(A)
)
. (II.162)
By varying the action (II.162) with respect to A, the relation A = G is obtained again. The scalar is not dynamic as
it has no kinetic term. One may add, however, a kinetic term to the action by hand
S =
∫
d4x
√−g
( 1
2κ2
R− ǫ
2
∂µA∂
µA+ f ′(A)G −Af ′(A) + f(A)
)
. (II.163)
Then, one obtains a dynamical scalar theory coupled with the Gauss-Bonnet invariant and with a potential. It is
known that, in general, a theory of this kind has no ghosts and is stable. Actually, it is related to string-inspired
dilaton gravity, which was proposed as an alternative for dark energy [55–57]. Then, when the limit ǫ → 0 can be
obtained smoothly, the corresponding f(G) theory has no ghost and could actually be stable. It may be of interest to
study the cosmology of such a theory in the limit ǫ→ 0.
Thus, we investigated the modified Gauss-Bonnet gravity and demonstrated that it may naturally lead to the unified
cosmic history. Further study of cosmological properties of such a theory as well as discussion of particular models of
the modified Gauss-Bonnet gravity may be found in refs. [58].
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2. F (G, R) gravity
More general models include the dependence from curvature as well as from the Gauss-Bonnet term [54]:
S =
∫
d4x
√−g (F (G, R) + Lmatter) . (II.164)
An example is given by
F (G, R) = Rf˜
( G
R2
)
, f˜
( G
R2
)
=
1
2κ2
+ f0
( G
R2
)
, (II.165)
which gives a solution describing the FRW universe:
H =
h0
t
, h0 =
3
κ2 − 2f0 ±
√
8f0
(
f0 − 38κ2
)
6
κ2 + 2f0
. (II.166)
Then, for example, if κ2f0 < −3, there is a solution describing a phantom with h0 < −1−
√
2 and a solution describing
the effective matter with h0 > −1 +
√
2. Late-time cosmology in other versions of such theory can be constructed.
The unification with inflation in such model may be achieved via cosmological reconstruction, which is developed in
the third chapter.
C. String-inspired model and scalar-Einstein-Gauss-Bonnet gravity
In string theories, the compactification from higher dimensions to four dimensions induces many scalar fields, such
as moduli or dilaton fields. These scalars couple with curvature invariants. Neglecting the moduli fields associated
with the radii of the internal space, we may consider the following action of the low-energy effective string theories
[56, 57]:
S =
∫
d4x
√−g
[
R
2
+ Lφ + Lc + . . .
]
, (II.167)
where φ is the dilaton field, which is related to the string coupling, Lφ is the Lagrangian of φ, and Lc expresses the
string curvature correction terms to the Einstein-Hilbert action,
Lφ = −∂µφ∂µφ− V (φ) , Lc = c1α′e2
φ
φ0 L(1)c + c2α′2e4
φ
φ0 L(2)c + c3α′3e6
φ
φ0 L(3)c , (II.168)
where 1/α′ is the string tension, L(1)c , L(2)c , and L(3)c express the leading-order (Gauss-Bonnet term G in (II.124)), the
second-order, and the third-order curvature corrections, respectively. The terms L(1)c , L(2)c and L(3)c in the Lagrangian
have the following form
L(1)c = Ω2 , L(2)c = 2Ω3 +RµναβRαβλρRλρµν , L(3)c = L31 − δHL32 −
δB
2
L33 . (II.169)
Here, δB and δH take the value of 0 or 1 and
Ω2 = G ,
Ω3 ∝ ǫµνρστηǫµ′ν′ρ′σ′τ ′η′R µ
′ν′
µν R
ρ′σ′
ρσ R
τ ′η′
τη ,
L31 = ζ(3)RµνρσRανρβ
(
RµγδβR
δσ
αγ − 2RµγδαR δσβγ
)
,
L32 = 1
8
(
RµναβR
µναβ
)2
+
1
4
R γδµν R
ρσ
γδ R
αβ
ρσ R
µν
αβ −
1
2
R αβµν R
ρσ
αβ R
µ
σγδR
νγδ
ρ −R αβµν R ρναβ R γδρσ R µσγδ ,
L33 =
(
RµναβR
µναβ
)2 − 10RµναβRµνασRσγδρRβγδρ −RµναβRµνρσRβσγδR αδγρ . (II.170)
The correction terms are different depending on the type of string theory; the dependence is encoded in the curvature
invariants and in the coefficients (c1, c2, c3) and δH , δB, as follows,
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• For the Type II superstring theory: (c1, c2, c3) = (0, 0, 1/8) and δH = δB = 0.
• For the heterotic superstring theory: (c1, c2, c3) = (1/8, 0, 1/8) and δH = 1, δB = 0.
• For the bosonic superstring theory: (c1, c2, c3) = (1/4, 1/48, 1/8) and δH = 0, δB = 1.
Motivated by the string considerations, we consider the scalar-Einstein-Gauss-Bonnet gravity2 based on [55, 60].
It was first proposed in ref. [55] to consider such a theory as a gravitational alternative for dark energy, so-called
Gauss-Bonnet dark energy.
The starting action is:
S =
∫
d4x
√−g
[
R
2κ2
− 1
2
∂µφ∂
µφ− V (φ)− ξ(φ)G
]
. (II.171)
Here, we do not restrict the forms of V (φ) and ξ(φ) which should be given by the non-perturbative string theory
(II.168). Note also that the action (II.171) is given by adding the kinetic term for the scalar field φ to the action of
the F (G) gravity in the scalar-tensor form that appeared in the previous section.
Making the variation of the action (II.171) over the metric gµν , the field equations follow as:
0 =
1
κ2
(
−Rµν + 1
2
gµνR
)
+
1
2
∂µφ∂νφ− 1
4
gµν∂ρφ∂
ρφ+
1
2
gµν (−V (φ) + ξ(φ)G)
−2ξ(φ)RRµν − 4ξ(φ)RµρRνρ − 2ξ(φ)RµρστRνρστ + 4ξ(φ)RµρνσRρσ
+2 (∇µ∇νξ(φ))R− 2gµν (∇2ξ(φ))R− 4 (∇ρ∇µξ(φ))Rνρ − 4 (∇ρ∇νξ(φ))Rµρ
+4
(∇2ξ(φ))Rµν + 4gµν (∇ρ∇σξ(φ))Rρσ + 4 (∇ρ∇σξ(φ))Rµρνσ . (II.172)
In Eq. (II.172), the derivatives of curvature such as ∇R, do not appear. Therefore, the derivatives higher than two do
not appear, which can be contrasted with a general αR2+βRµνR
µν + γRµνρσR
µνρσ gravity, where fourth derivatives
of gµν appear. For the classical theory, if we specify the values of gµν and g˙µν on a spatial surface as an initial
condition, the time development is uniquely determined. This situation is similar to the case in classical mechanics,
in which one only needs to specify the values of position and velocity of particle as initial conditions. In general
αR2+ βRµνR
µν + γRµνρσR
µνρσ gravity, we need to specify the values of g¨µν and
...
g µν in addition to gµν , g˙µν so that
a unique time development will follow. In Einstein gravity, only the specific value of gµν , g˙µν , should be given as an
initial condition. Thus, the scalar-Gauss-Bonnet gravity is a natural extension of the Einstein gravity.
In the FRW universe (II.6), Eq. (II.172) becomes the following:
0 = − 3
κ2
H2 +
1
2
φ˙2 + V (φ) + 24H3
dξ(φ(t))
dt
, (II.173)
0 =
1
κ2
(
2H˙ + 3H2
)
+
1
2
φ˙2 − V (φ)− 8H2 d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
− 16H3dξ(φ(t))
dt
. (II.174)
On the other hand, by the variation of the action (II.171) with respect to the scalar field, the scalar equation of motion
follows as
0 = φ¨+ 3Hφ˙+ V ′(φ) + ξ′(φ)G . (II.175)
In particular when we consider the following string-inspired model [55],
V = V0e
− 2φφ0 , ξ(φ) = ξ0e
2φ
φ0 , (II.176)
the de Sitter space solution follows:
H2 = H20 ≡ −
e
− 2ϕ0φ0
8ξ0κ2
, φ = ϕ0 . (II.177)
2 For pioneering work on the scalar-Einstein-Gauss-Bonnet gravity, see [59].
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Here, ϕ0 is an arbitrary constant. If ϕ0 is chosen to be larger, the Hubble rate H = H0 becomes smaller. Then, if
ξ0 ∼ O(1), by choosing ϕ0/φ0 ∼ 140, the value of the Hubble rate H = H0 is consistent with the observations. The
model (II.176) also has another solution:
H = h0t , φ = φ0 ln
t
t1
when h0 > 0 ,
H = − h0ts−t , φ = φ0 ln
ts−t
t1
when h0 < 0 . (II.178)
Here, h0 is obtained by solving the following algebraic equations:
0 = −3h
2
0
κ2
+
φ20
2
+ V0t
2
1 −
48ξ0h
3
0
t21
, 0 = (1− 3h0)φ20 + 2V0t21 +
48ξ0h
3
0
t21
(h0 − 1) . (II.179)
Eqs. (II.179) can be rewritten as
V0t
2
1 = −
1
κ2 (1 + h0)
{
3h20 (1− h0) +
φ20κ
2 (1− 5h0)
2
}
, (II.180)
48ξ0h
2
0
t21
= − 6
κ2 (1 + h0)
(
h0 − φ
2
0κ
2
2
)
. (II.181)
The arbitrary value of h0 can be realized by properly choosing V0 and ξ0. With the appropriate choice of V0 and
ξ0, we can obtain a negative h0 and, therefore, the effective EoS parameter (II.4) is less than −1, weff < −1, which
corresponds to the effective phantom. In usual (canonical) scalar-tensor theory without the Gauss-Bonnet term, the
phantom cannot be realized by the canonical scalar.
For example, if h0 = −80/3 < −1 and, therefore, w = −1.025, which is consistent with the observed value, we find
V0t
2
1 =
1
κ2
(
531200
231
+
403
154
γφ20κ
2
)
> 0 ,
f0
t21
= − 1
κ2
(
9
49280
+
27
7884800
γφ20κ
2
)
. (II.182)
For other choices of scalar potentials one can realize other types of dark energy universes, for instance, the effective
quintessence. Moreover, one can propose the potentials in such a way that the unification of the inflation with dark
energy naturally occurs. Different cosmological aspects of scalar-Gauss-Bonnet dark energy have been studied in
refs. [61]. An extension of these studies taking into account the Euler invariant and other higher-derivative stringy
terms has also been done [62].
D. Non-local gravity
1. Non-local F (R) gravity
In this section, we review non-local gravity [63–65] and present its local (scalar-tensor) formulation. The explicit
example of such a theory, which naturally leads to the unification of inflation with late-time cosmic acceleration, is
worked out.
The starting action of the simplest non-local gravity is given by
S =
∫
d4x
√−g
{
1
2κ2
{
R
(
1 + f(−1R)
)− 2Λ}+ Lmatter (Q; g)
}
. (II.183)
Here, f is some function,  is the d’Alembertian for the scalar field, Λ is a cosmological constant and Q represents
the matter fields. The above action can be rewritten by introducing two scalar fields, η and ξ, in the following form:
S =
∫
d4x
√−g
[
1
2κ2
{R (1 + f(η)) + ξ (η −R)− 2Λ}+ Lmatter
]
=
∫
d4x
√−g
[
1
2κ2
{R (1 + f(η))− ∂µξ∂µη − ξR − 2Λ}+ Lmatter
]
. (II.184)
By the variation of the action (II.184) over ξ, we obtain η = R or η = −1R. Substituting the above equation into
(II.184), one re-obtains (II.183).
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The variation of (II.184) with respect to the metric tensor gµν gives
0 =
1
2
gµν {R (1 + f(η)− ξ)− ∂ρξ∂ρη − 2Λ} −Rµν (1 + f(η)− ξ)
+
1
2
(∂µξ∂νη + ∂µη∂νξ)− (gµν−∇µ∇ν) (f(η)− ξ) + κ2Tµν . (II.185)
On the other hand, the variation with respect to η gives
0 = ξ + f ′(η)R . (II.186)
Now, we assume that the spatially flat FRW metric and the scalar fields η and ξ only depend on time. Then,
Eq. (II.185) has the following form:
0 = −3H2 (1 + f(η)− ξ) + 1
2
ξ˙η˙ − 3H
(
f ′(η)η˙ − ξ˙
)
+ Λ + κ2ρmatter , (II.187)
0 =
(
2H˙ + 3H2
)
(1 + f(η)− ξ) + 1
2
ξ˙η˙ +
(
d2
dt2
+ 2H
d
dt
)
(f(η)− ξ)− Λ + κ2p . (II.188)
On the other hand, the scalar equations are:
0 = η¨ + 3Hη˙ + 6H˙ + 12H2 , (II.189)
0 = ξ¨ + 3Hξ˙ −
(
6H˙ + 12H2
)
f ′(η) . (II.190)
For the de Sitter solution H = H0, Eq. (II.189) can be solved as
η = −4H0t− η0e−3H0t + η1 , (II.191)
with constants of integration η0 and η1. For simplicity, let η0 = η1 = 0 and f(η) be given by
f(η) = f0e
η
β = f0e
− 4H0tβ . (II.192)
Here, β is a constant. Then, Eq. (II.190) can be solved as follows:
ξ = − 3f0β
3β − 4e
− 4H0tβ +
ξ0
3H0
e−3H0t − ξ1 . (II.193)
Here, ξ0 and ξ1 are constants. For the de Sitter space a behaves as a = a0e
H0t. For matter with a constant equation
of state w, we find
ρmatter = ρ0e
−3(w+1)H0t . (II.194)
Then, after setting ξ0 = 0, by substituting (II.191), (II.193), and (II.194) into (II.187), one obtains
0 = −3H20 (1 + ξ1) + 6H20f0
(
2
β
− 1
)
e−
4H0t
β + Λ+ κ2ρ0e
−3(w+1)H0t . (II.195)
When ρ0 = 0, with the choice
β = 2 , ξ1 = −1 + Λ
3H20
, (II.196)
the de Sitter space can be a solution. Even if ρmatter 6= 0, if we choose
β =
4
3(1 + w)
, f0 =
κ2ρ0
3H20 (1 + 3w)
, ξ1 = −1 + Λ
3H20
, (II.197)
there is a de Sitter solution.
Eq. (II.196) or (II.197) shows that
H20 =
3Λ
1 + ξ1
. (II.198)
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This indicates that the cosmological constant Λ is effectively screened by ξ. We should also note that in the case
without the cosmological constant Λ = 0, if we choose ξ1 = −1, H0 can be arbitrary. Then, H0 can be determined by
the initial condition. Because H0 can be small or large, the theory with the function (II.192) with β = 2 in (II.196)
can describe the early-time inflation or current cosmic acceleration.
In the presence of matter with w 6= 0, the de Sitter solution H = H0 is realized even if f(η) given by
f(η) = f0e
η/2 + f1e
3(w+1)η/4 . (II.199)
The following solution exists:
η = −4H0t , ξ = 1 + 3f0e−2H0t + f1
w
e−3(w+1)H0t , ρmatter = −3(3w+ 1)H
2
0f1
κ2
e−3(1+w)H0t . (II.200)
The theory with multiple de Sitter solutions may describe the unification of inflation with dark energy [64]. Other
cosmological aspects of such non-local gravity were studied in refs. [66].
One can construct more general non-local gravity along the above line. Let us start from a general non-local action:
S =
∫
d4x
√−g [F (R,R,2R, · · · ,mR,−1R,−2R, · · · ,−nR)+ Lmatter] , (II.201)
with m and n being the positive integers. By introducing scalar fields A, B, χk, ηk, (k = 1, 2, · · · ,m), and ξl, φl,
(l = 1, 2, · · · , n), the action (II.201) can be rewritten in the following form:
S =
∫
d4x
√−g
[
BR−BA+ F (A, η1, η2, · · · , ηm, φ1, φ2, · · · , φn) + ∂µχ∂µA+
m∑
k=2
∂µχk∂
µηk−1
+
n∑
l=1
∂µξl∂
µφl +
m∑
k=1
χ1η1 +Aξ1 +
n∑
l=2
ξlφl−1 + Lmatter
]
. (II.202)
The variations over A, B, χk, and ξl lead to the following equations
0 = R−A = η1 −A = ηk −ηk−1 = φ1 −A = φl − φl−1 (k = 2, · · · ,m , l = 2, · · · , n) , (II.203)
which give ηk = 
kR and lφl = R. Thus, the actions (II.202) and (II.201) are equivalent.
Let us now consider a scale transformation given by
gµν → 1
2B
gµν . (II.204)
Then, the action (II.202) is transformed into the action in the Einstein frame:
S =
∫
d4x
√−g
[
R
2
− 3
2B2
∂µB∂
µB +
1
2B
(
∂µχ∂
µA+
m∑
k=2
∂µχk∂
µηk−1 +
n∑
l=1
∂µξl∂
µφl
)
+
1
4B2
(
−BA+ F (A, η1, · · · , ηm, φ1, · · · , φn) +
m∑
k=1
χ1η1 +Aξ1 +
n∑
l=2
ξlφl−1
)
+ LAmatter
]
. (II.205)
Here, LAmatter can be obtained by scale transformation of the metric tensor in Lmatter by (II.204). The above action
can be regarded as a non-linear σ model coupled to gravity. The action (II.183) can be considered as a particular case
of the general non-local action. In this case, however, the continuity equation (II.144) is no longer valid; additional
terms on the right-hand side of this equation are generated and are responsible for inducing the interaction of matter
within the background. This aspect is crucial for the discussion of local gravity constraints for such models based on
the modified theories of gravity.
2. Non-local Gauss-Bonnet gravity
It may be interesting to discuss the extension of the model presented in the above section by including the Gauss-
Bonnet invariant [67, 68].
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The corresponding non-local action generalizing the modified Gauss-Bonnet gravity is
S =
∫
d4x
√−g
(
R
2κ2
− κ
2
2α
G−1G + Lmatter
)
. (II.206)
Here, Lmatter is the matter Lagrangian, and G is the Gauss-Bonnet invariant. By introducing the scalar field φ, one
may rewrite the action (II.206) in a local form:
S =
∫
d4x
(
R
2κ2
− α
2κ2
∂µφ∂
µφ+ φG + Lmatter
)
. (II.207)
In fact, from the φ equation, it follows that φ = −κ2α −1G. By substituting this expression into (II.207), we re-obtain
(II.206). It is remarkable that the above action belongs to a specific class of string-inspired, scalar-Gauss-Bonnet
gravity that is known to be consistent with the local tests and may serve as a realistic candidate for dark energy
[55] (see section C of this chapter). Unlike the situation in standard stringy compactifications, the scalar-Gauss-
Bonnet coupling is not an exponential scalar function. The scalar potential is zero, as it should be in the low-energy,
perturbative approach to the string effective action.
Let us now study the de Sitter solutions that may describe late-time universe acceleration in such non-local gravity.
Considering the FRWmetric with a flat spatial part and a φ that only depends on the cosmological time, the equations
of motion are
0 = −3H
2
κ2
+
α
2κ2
φ˙2 − 24φ˙H3 + ρmatter , 0 = − α
κ2
(
φ¨+ 3Hφ˙
)
+ 24
(
H˙H2 +H4
)
. (II.208)
When the matter contribution is neglected, assuming φ˙ andH are constant φ˙ = cφ, H = H0, one can solve Eqs. (II.208)
as follows: cφ =
8κ2
α H
3
0 , H
4
0 = − 3α160κ4 . Therefore, if α is allowed to be negative, there is a de Sitter universe solution,
namely
H = H0 =
(
− 3α
160κ4
)1/4
. (II.209)
On the other hand, a negative α means that the scalar field has a ‘wrong’ kinetic term, like a ghost or phantom. As
we will see later in (II.218), the de Sitter space solution corresponds to the case a→∞ (late-time acceleration) when
matter is included. Even in the early universe, before matter was created, this solution can be used for the description
of the inflationary epoch.
Note that the second equation (II.208) yields(
− α
κ2
φ˙+ 8H2
)
a3 = C . (II.210)
Here, C is a constant. The action (II.207) is invariant under a constant shift of the scalar field φ: φ → φ + c (c is a
constant) because G is a total derivative. The quantity C is the Noether charge corresponding to the invariance. By
using (II.210), we may delete φ˙ in the first equation in (II.208) and obtain
0 = −3H
2
κ2
− 160κ
2H6
α
+
16κ2CH3
αa3
+
κ2C2
αa6
+ ρmatter . (II.211)
When ρmatter is given by the sum of the contributions from all forms of matter witha constant EoS parameter wi, one
gets ρmatter(a) =
∑
i ρ0ia
−3(wi+1). Then, we can solve algebraically Eq. (II.211) with respect to H as a function of a:
H = H(a). Using the definition of H , the equation has the form a˙ = aH(a). Thus, t = ∫ daaH(a) , which gives, at least
formally, the solution of (II.211) and, therefore, the FRW universe.
As a simple case, one may consider C = 0. Then, Eq. (II.211) reduces to the following form
0 = F(x) ≡ x3 + 3α
160κ4
x− αρmatter(a)
160κ2
. (II.212)
Here, x ≡ H2 and, therefore, x ≥ 0. Because F ′(x) = 3 (x2 + α160κ4 ), when α > 0, F(x) is a monotonically increasing
function of x. On the other hand, when α < 0, we find
F ′ (x±) = 0 , F (x±) = ∓
(
− α
160κ4
)3/2
− αρmatter
160κ2
, x± ≡ ±
(
− α
160κ4
)1/2
. (II.213)
32
Because
F(0) = −αρmatter
160κ2
, (II.214)
when α > 0, because F(0) < 0 and F(x) is a monotonically increasing function, there is only one positive solution in
(II.212):
H2 = x = α+ + α− , α3± =
αρmatter
320κ2
(
1±
√
1 +
α
40κ8ρ2matter
)
. (II.215)
We now consider the case that ρmatter comes from a unique kind of matter with a constant EoS parameter w. Then,
when a → 0, one obtains α3+ → αρ0160κ2 a−3(1+w) and α− → 0. Therefore, H ∝ a−(1+w)/2 and a ∝ t2/(1+w), which
could be compared with the usual FRW universe in Einstein gravity, where a ∝ t2/3(1+w). On the other hand, when
a→∞, Eq. (II.215) implies that H ∝ a−3(1+w)/2 and, therefore, a ∝ t2/3(1+w), which reproduces the result in general
relativity. This indicates that such a non-local term becomes less dominant as compared with the Einstein-Hilbert
term in the late universe.
We may consider the case when α < 0. Because F(0) > 0 in this case, if F (x+) > 0, there is no positive solution
for x. On the other hand, if F (x+) < 0, that is, when
− α > 40κ6ρ2matter , (II.216)
there are two positive solutions and one negative solution in (II.212), namely
x = α˜+ + α˜− , α˜+ξ + α˜−ξ2 , α˜+ξ2 + α˜−ξ , α˜3± =
αρmatter
320κ2
(
1± i
√
−1− α
40κ8ρ2matter
)
. (II.217)
Eq. (II.216) indicates that there is a lower bound in a as a ≥ amin ≡
(
− α
40κ4ρ20
)1/6(1+w)
. Here, it is assumed that
w > −1. Note that even if a = amin, x and, therefore, H do not vanish, which means that the existence of amin does
not imply the bounce solution. It is likely that a universe with a = amin could appear, for example, as a quantum
correction.
When a is large, we find that F(0) in (II.214) vanishes and α± tends to a constant: α3± → ±i 1640κ6
√
−α310 , which
gives
H2 = x = 0 , ±
√
− 3α
160κ4
. (II.218)
The positive solution of x in (II.218) corresponds to the de Sitter solution (II.209).
When the Einstein-Hilbert term in (II.206) or (II.207) can be neglected, by assuming
φ =
aφ
t2
, H =
h0
t
(
a = a0t
h0
)
, (II.219)
Eqs. (II.208) reduce to the following algebraic equations
0 = aφ
( α
κ2
aφ + 24h
3
0
)
, 0 = (h0 − 1)
( α
κ2
aφ + 4h
3
0
)
. (II.220)
The equations in (II.220) have a non-trivial solution (aφ 6= 0 and h0 6= 0): h0 = 1 and aφ = − 24κ2α .
Matter can also be accounted in the model; in that case, the first equation in (II.220) is modified as
0 = −3H
2
κ2
+
α
2κ2
φ˙2 − 24φ˙H3 + ρmatter . (II.221)
When one may neglect the Einstein-Hilbert term in (II.206) or (II.207), and if we assume (II.219), there is a non-trivial
solution when h0 =
4
3(w+1) . In fact, Eqs. (II.208) reduce to the following algebraic expressions
0 =
2α
κ2
a2φ + ρ0a
−3(w+1)
0 + 48aφ
(
4
3(1 + w)
)3
, 0 =
(
4
3(1 + w)
− 1
)(
α
κ2
aφ + 4
(
4
3(1 + w)
)3)
. (II.222)
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If the matter is radiation with w = 1/3, the second equation is satisfied and the first equation acquires the following
form: 0 = 2ακ2 a
2
φ+ρ0a
−4
0 +48aφ. Then, if D˜ ≡ (24)2− 2αρ0κ2a40 > 0, there are non-trivial solutions: aφ =
κ2
2α
(
−24±
√
D˜
)
.
On the other hand, when w 6= 1/3, we find aφ = − 4κ2α
(
4
3(1+w)
)3
, ρ0a
−4
0 =
160κ2
α
(
4
3(1+w)
)6
. The second equation
requires α to be positive. Thus, a phantom like universe solution from purely non-local gravity, without the R term,
has been found. In the same way, in the case where several de Sitter solutions exist one can expect the unified
description of inflation with dark energy.
3. Other classical non-local Gauss-Bonnet models and their de Sitter solutions
Another model giving rise to an interesting non-local action is the following
S =
∫
d4x
√−g
[
R
2κ2
− κ
2
2a
F (G)−1F (G)
]
, (II.223)
where a is a dimensional constant and F (G) is an adequate function of G. By introducing three scalar fields, φ, ξ,
and η, one can rewrite the action (II.223) in the following form:
S =
∫
d4x
√−g
(
R
2κ2
+
a
2κ2
∂µφ∂
µφ+ φF (η) + ξ (η − G)
)
. (II.224)
We may further add a potential V (φ) to the action
S =
∫
d4x
√−g
(
R
2κ2
+
a
2κ2
∂µφ∂
µφ+ φF (η) + ξ (η − G)− V (φ)
)
. (II.225)
In the FRW universe, this action leads to the following equations
0 = − 3
κ2
H2 − a
2κ2
φ˙2 + 24ξ˙H3 + V (φ) , 0 =
a
κ2
(
φ¨+ 3Hφ˙
)
+ F (η)− V ′(φ) ,
0 = φF (η) + ξ , 0 = η − 24
(
H4 + H˙H2
)
. (II.226)
However, after adding the potential V (φ), it is difficult to obtain the corresponding non-local action explicitly.
When V (φ) = 0, assuming that φ = cφt, η = η0, ξ = cξt, and H = H0, with constant cφ, η0, cξ, and H0, the
equations in (II.226) reduce to the algebraic equations
0 = − 3
κ2
H20 −
a
2κ2
c2φ + 24cξH
3
0 , 0 =
3a
κ2
H0cφ + F (η0) , 0 = cφF
′(η0) + cξ , 0 = η0 − 24H40 . (II.227)
One can solve Eqs. (II.227) with respect to cφ, cξ, and η0 as follows: cφ = −κ
2F(24H40 )
3aH0
, cξ =
− κ23aH0F
(
24H40
)
F ′
(
24H40
)
, η0 = 24H
4
0 , and we find
0 = − G0
8κ2
− κ
2
18a
F (G0)
2
+
κ2
9a
G0F (G0)F
′ (G0) . (II.228)
Here, G0 = 24H
4
0 .
For example, if
F (G) = f0G2 , (II.229)
Eq. (II.228) gives
0 = G0
(
− 1
8κ2
+
11κ2f20
18a
G30
)
, (II.230)
which has a trivial solution G0 = 0 corresponding to the flat background and
G30 =
9a
44κ4f20
, (II.231)
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which corresponds to the de Sitter universe.
As another example, one can choose
F (G)2 = −g0 (G + g1) (G − g2) . (II.232)
Here, g0, g1, and g2 are positive constants. For F (G) to be real, the value of G is restricted as −g1 < G < g2. Then,
Eq. (II.228) yields
0 = G20 +
9a
4g0κ2
G0 + g1g2 , (II.233)
which can be solved as
G0 = G0± ≡ 1
2

− 9a
4g0κ2
±
√(
9a
4g0κ2
)2
+ 4g1g2

 . (II.234)
The above solution is positive, provided that a < 0. For −g1 < G0± < g2, we require
g1 > − 9a
4κ4g0
, g2 > − 9a
8κ4g0
. (II.235)
Then, as long as Eq. (II.235) is satisfied, there are two solutions describing the de Sitter universe. By choosing a more
general F (G), we may find multiple de Sitter universe solutions, among which the solution with the largest value of
H0 could perfectly correspond to the inflation epoch and the one with the smallest value of H0 to the dark energy
era. Note that, in the model (II.232), as long as Eq. (II.235) is satisfied, there is no singularity, for example at G = 0.
Thus, a smooth transition could occur and there exists a true possibility to realize matter dominance before late-time
acceleration. The important lesson from the above investigation is again the fact that the inflation and dark energy
epochs may be natural solutions of the field equations.
E. Gravity non-minimally coupled with the matter Lagrangian
1. Non-minimally coupled scalar theory
It could be interesting to investigate the role of the non-standard non-minimal coupling of modified gravity with
the matter Lagrangian in the cosmic acceleration epoch. The corresponding, quite general theory has been suggested
in refs. [69, 70] (see also [71]). As an example of such a theory, the following action is considered:
S =
∫
d4x
√−g
{
R
2κ2
+ f (R)Ld
}
. (II.236)
Here, Ld is a standard matter like action that produces dark energy due to non-trivial coupling with the curvature.
In principle, the first term may be more general, for instance, of the f(R) form. However, for illustrative purposes it
is enough to consider this simpler variant of the non-minimal theory. The second term in the above action describes
the non-linear coupling of matter with gravity. Very often, such terms may be induced by quantum effects such as
the non-linear effective action. Thus, it is natural to consider that the second term belongs to matter sector.
By the variation over gµν , the equation of motion follows as:
0 =
1√−g
δS
δgµν
=
1
2κ2
{
1
2
gµνR−Rµν
}
+ T˜ µν . (II.237)
Here, the effective energy-momentum tensor T˜µν is defined by
T˜ µν ≡ −f ′(R)RµνLd +
(∇µ∇ν − gµν∇2) (f ′(R)Ld) + f(R)T µν ,
T µν ≡ 1√−g
δ
δgµν
(∫
d4x
√−gLd
)
. (II.238)
As a matter we consider the massless scalar
Ld = −1
2
gµν∂µφ∂νφ . (II.239)
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Then, the equation given by the variation over φ has the following form:
0 =
1√−g
δS
δφ
=
1√−g∂µ
(
f(R)
√−ggµν∂νφ
)
. (II.240)
It is enough to consider the case that
f(R) =
(
R
µ2
)α
. (II.241)
We again assume the spatially flat FRW universe (II.6) and that the scalar φ only depends on t (φ = φ(t)). The
solution of the scalar field equation (II.240) is given by
φ˙ = qa−3R−α . (II.242)
Here, q is a constant of the integration. Thus, RαLd =
q2
2a6Rα , which becomes dominant when R is small (large)
compared with the Einstein term R2κ2 if α > −1 (α < −1). Thus, one arrives at the remarkable possibility [69, 70]
that dark energy grows to asymptotic dominance over the usual matter with a decrease of the curvature. In the
current universe, this solves the coincidence problem (the equality of the energy density for dark energy and for
matter) simply by the fact of universe expansion.
Substituting (II.242) into (II.237), the (µ, ν) = (t, t) component of the equation of motion has the following form:
0 = − 3
2κ2
H2 +
36q2
µ2αa6
(
6H˙ + 12H2
)α+2
{
α(α+ 1)
4
H¨H +
α+ 1
4
H˙2
+
(
1 +
13
4
α+ α2
)
H˙H2 +
(
1 +
7
2
α
)
H4
}
. (II.243)
The accelerated FRW solution of (II.243) exists as [69, 70]
a = a0t
α+1
3
(
H =
α+ 1
3t
)
, a60 ≡
2κ2q2 (2α− 1) (α− 1)
µ2α3 (α+ 1)
α+1 ( 2
3 (2α− 1)
)α+2 . (II.244)
Eq. (II.244) shows that the universe accelerates, that is, a¨ > 0 if α > 2. If α < −1, the solution (II.244) describes
a shrinking universe if t > 0. If the time is shifted as t → t − ts (ts is a constant), the accelerating and expanding
universe occurs when t < ts. In the solution with α < −1 a Big Rip singularity appears at t = ts. For a ∝ th0 , the
effective EoS parameter weff in (II.21) is given by weff = −1 + 23h0 , and the accelerating universe expansion (h0 > 1)
occurs if −1 < weff < − 13 . For the case of (II.244), one finds
weff =
1− α
1 + α
. (II.245)
Then, if α < −1, we have weff < −1, which is an effective phantom regime. For general matter with the constant EoS
parameter w, the energy E and the energy density ρmatter behave as E ∼ a−3w and ρmatter ∼ a−3(w+1). Thus, for the
standard phantom with w < −1, the density becomes large with time and might generate the Big Rip. Thus, it is
demonstrated that the non-linear coupling of gravity with matter may produce an accelerated cosmological expansion
with the effective EoS parameter close (above, equal or below) to −1. More complicated couplings [69, 70, 72] may
be considered in the same fashion. Note that such theories show some very interesting properties, like the induction
of extra gravitational force [73]. Other cosmological aspects of such non-minimally coupled non-linear theories are
discussed in refs. [74].
2. Non-minimally coupled vector model
The non-minimal coupling of gravity with the matter Lagrangian of the previous section may be considered for
more complicated models. Let us investigate the abelian vector field Lagrangian non-minimally coupled with gravity
[75]:
S =
∫
d4x
√−g
{
R
2κ2
− I(R)
4
FµνF
µν
}
. (II.246)
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Here, I(R) is an appropriate function of the scalar curvature R, and Fµν is the curvature of the U(1) gauge field.
Making the variation of the action Eq. (II.246) with respect to the metric gµν and the U(1) gauge field Aµ, we obtain
the following equations:
Rµν − 1
2
gµνR = κ
2T (EM)µν , (II.247)
T (EM)µν = I(R)
(
gαβFµβFνα − 1
4
gµνFαβF
αβ
)
+
1
2
{
f ′(R)FαβFαβRµν + gµν
[
f ′(R)FαβFαβ
]−∇µ∇ν [f ′(R)FαβFαβ]} , (II.248)
and
− 1√−g∂µ
(√−gI(R)Fµν) = 0 . (II.249)
In the FRW universe (II.6), the (µ, ν) = (0, 0) component and (µ, ν) = (i, j) component of Eq. (II.247) gives
H2 =
κ2
3
{
I(R)
(
gαβF0βF0α +
1
4
FαβF
αβ
)
+
3
2
[
−f ′(R)
(
H˙ +H2
)
+ 6f ′′(R)H
(
H¨ + 4HH˙
)]
FαβF
αβ
+
3
2
f ′(R)H
d
dt
(
FαβF
αβ
)− 1
2
f ′(R)
1
a2
(3)
∆
(
FαβF
αβ
)}
, (II.250)
2H˙ + 3H2 =
κ2
2
{
1
6
I(R)FαβF
αβ +
[
−f ′(R)
(
H˙ + 3H2
)
+6f ′′(R)
( ...
H + 7HH¨ + 4H˙
2 + 12H2H˙
)
+ 36f ′′′(R)
(
H¨ + 4HH˙
)2]
FαβF
αβ
+3
[
f ′(R)H + 4f ′′(R)
(
H¨ + 4HH˙
)] d
dt
(
FαβF
αβ
)
+ f ′(R)
d2
dt2
(
FαβF
αβ
)
−2
3
f ′(R)
1
a2
(3)
∆
(
FαβF
αβ
)}
. (II.251)
By properly choosing I(R), a model unifying the late acceleration and the inflation emerges. However, the properties
of the model may be investigated only qualitatively [75] or numerically because the equations of motion are very
complicated. Alternatively, as will be shown in the next chapter the cosmological reconstruction of the theory under
investigation may be conducted so that unified cosmic history is realized. Different properties of the non-minimally
coupled vector theory have been studied in refs. [76].
3. Non-minimal Yang-Mills theory
Here, we consider the cosmology in the non-abelian non-minimal vector-F (R) gravity based on ref. [77]. Different
cosmological proposals regarding the non-minimal Yang-Mills theory may be found in refs. [78].
The proposed action follows:
S¯MG =
∫
d4x
√−g [LMG + LV] ,
LMG = 1
2κ2
[R+ F (R)] , LV = I(R)
{
−1
4
F aµνF
aµν − V [A2]
}
, A2 ≡ Aa2 (II.252)
where F aµν is given by
F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµAcν , (II.253)
and A2 = gµνAaµA
a
ν . We should note that the last term V [A
2] in the action (II.252) is not gauge invariant, but it can
be rewritten in a gauge-invariant way. For example, if the gauge group is a unitary group, one may introduce a σ
model like field U , which satisfies U †U = 1. Then, the last term could be rewritten in the gauge-invariant form:
V [A2]→ V [c¯tr (U †AaµU) (U †AaµU)] . (II.254)
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Here, c¯ is the normalization constant. Choosing the unitary gauge U = 1, the term in (II.254) reduces to the original
one: V [A2]. This may indicate that the action (II.252) describes the theory in which the gauge group is spontaneously
broken.
The field equations can be derived by taking variations of the action (II.252) with respect to the metric gµν and
the vector field Aaµ as follows:
[1 + F ′(R)]Rµν − 1
2
gµν [R+ F (R)] + gµνF
′(R)−∇µ∇νF ′(R) = κ2T (V)µν , (II.255)
with
T (V)µν = I(R)
{
gαβF aµβF
a
να + 2A
a
µA
a
ν
dV [A2]
dA2
− 1
4
gµνF¯
}
+
1
2
{
f ′(R)F¯Rµν + gµν
[
f ′(R)F¯]−∇µ∇ν [f ′(R)F¯]} , (II.256)
F¯ = F aµνF aµν + 4V [A2] , (II.257)
and
1√−g∂µ
[√−gI(R)F aµν] − I(R){fabcAbµF cµν + 2dV [A2]dA2 Aaν
}
= 0 , (II.258)
where T
(V)
µν is the contribution to the energy-momentum tensor from Aaµ. As will be shown in the next chapter, the
cosmological reconstruction of the above theory may result in the accelerating expanding universe. The direct solution
of the equations of motion is extremely complicated.
F. Modified F (R) Horˇava-Lifshitz gravity
1. General formulation
This section is devoted to a review of the F (R) Horˇava-Lifshitz gravity [79]. The FRW equations for this theory
are also formulated. The Horˇava-Lifshitz version of general relativity was originally introduced as a candidate for
renormalizable quantum gravity at the price of the violation of Lorentz invariance. The below model represents
natural generalization of the standard F (R) gravity (II.1) discussed at the beginning of this chapter.
Let us present the general formulation of the theory. By using the ADM decomposition [80, 81] (for reviews, see
[82, 83]), one can write the metric in the following form:
ds2 = −N2dt2 + g(3)ij
(
dxi +N idt
) (
dxj +N jdt
)
, i = 1, 2, 3 . (II.259)
Here, N is called the lapse variable and N i’s are the shift variables. The scalar curvature R becomes:
R = KijKij −K2 +R(3) + 2∇µ (nµ∇νnν − nν∇νnµ) , (II.260)
and
√−g =
√
g(3)N . Here, R(3) is the three-dimensional scalar curvature defined by the metric g
(3)
ij , and Kij is the
extrinsic curvature defined by
Kij =
1
2N
(
g˙
(3)
ij −∇(3)i Nj −∇(3)j Ni
)
, K = Kii . (II.261)
nµ is a unit vector perpendicular to the three-dimensional hypersurface Σt defined by t = constant and ∇(3)i expresses
the covariant derivative on the hypersurface Σt.
The first attempt of the extension of F (R) gravity to a Horˇava-Lifshitz-type theory [84] which is known to be a
power-counting renormalizable model was proposed in ref. [85]. The starting action is
SFHL(R) =
∫
d4x
√
g(3)NF (RHL) , RHL ≡ KijKij − λK2 − EijGijklEkl . (II.262)
Here, λ is a real constant in the “generalized De Witt metric” or “super-metric”,
Gijkl = 1
2
(
g(3)ikg(3)jl + g(3)ilg(3)jk
)
− λg(3)ijg(3)kl , (II.263)
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defined on the three-dimensional hypersurface Σt, and E
ij can be defined by the so-called “detailed balance condition”
by using an action W [g
(3)
kl ] on the hypersurface Σt
√
g(3)Eij =
δW [g
(3)
kl ]
δgij
, (II.264)
and the inverse of Gijkl is written as
Gijkl = 1
2
(
g
(3)
ik g
(3)
jl + g
(3)
il g
(3)
jk
)
− λ˜g(3)ij g(3)kl , λ˜ =
λ
3λ− 1 . (II.265)
The action W [g
(3)
kl ] is assumed to be defined by the metric and the covariant derivatives on the hypersurface Σt. The
original motivation for the detailed balance condition is its ability to simplify the quantum behavior and renormaliza-
tion properties of theories that satisfy the detailed balance condition. Otherwise, there is no a priori physical reason
to restrict Eij to be defined by (II.264).
There exists an anisotropy between space and time in the Horˇava-Lifshitz approach. In the ultraviolet (high-energy)
region, the time coordinate and the spatial coordinates are assumed to behave as
x→ bx , t→ bzt , z = 2, 3, · · · , (II.266)
under the scale transformation. In ref. [84], W [g
(3)
kl ] is explicitly given for the case z = 2,
W =
1
κ2W
∫
d3x
√
g(3)(R− 2ΛW ) , (II.267)
and for the case z = 3,
W =
1
w2
∫
Σt
ω3(Γ) . (II.268)
Here, κW is a coupling constant of dimension −1/2 and w2 is the dimensionless coupling constant. ω3(Γ) is given by
ω3(Γ) = Tr
(
Γ ∧ dΓ + 2
3
Γ ∧ Γ ∧ Γ
)
≡ εijk
(
Γmil ∂jΓ
l
km +
2
3
ΓnilΓ
l
jmΓ
m
kn
)
d3x . (II.269)
A general Eij consists of all contributions to W up to the chosen value z.
In the Horˇava-Lifshitz like F (R) gravity, it is assumed that N can only depend on the time coordinate t, which
is called the “projectability condition”. The reason for this is that Horˇava-Lifshitz gravity does not have the full
diffeomorphism invariance, but rather is invariant only under “foliation-preserving” diffeomorphisms, i.e., under the
transformations
δxi = ζi(t,x) , δt = f(t) . (II.270)
If N depends on the spatial coordinates, it could not be fixed to be unity (N = 1) by using the foliation-preserving
diffeomorphisms. There exists a version of Horˇava-Lifshitz gravity without the projectability condition, but it is
suspected to possess a few additional consistency problems [86, 87]. Therefore, we prefer to assume that N depends
only on the time coordinate t.
Let us consider the FRW universe with a flat spatial part and the lapse function N :
ds2 = −N2dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
. (II.271)
It is clear from the explicit expressions (II.267) and (II.268) that W [g
(3)
kl ] vanishes identically if ΛW = 0, which is
assumed because a non-vanishing ΛW gives a cosmological constant. Then, one can obtain
R =
12H2
N2
+
6
N
d
dt
(
H
N
)
= −6H
2
N
+
6
a3N
d
dt
(
Ha3
N
)
, RHL =
(3− 9λ)H2
N2
. (II.272)
In the case of general relativity, the second term in the last expression for R becomes a total derivative:∫
d4x
√−gR =
∫
d4x a3N
{
−6H
2
N
+
6
a3N
d
dt
(
Ha3
N
)}
=
∫
d4x
{
−6H2a3 + 6 d
dt
(
Ha3
N
)}
. (II.273)
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Therefore, this term can be dropped in Einstein gravity. The total derivative term comes from the last term
2∇µ (nµ∇νnν − nν∇νnµ) in (II.260), which is dropped in the usual Horˇava-Lifshitz gravity. In F (R) gravity, however,
this term cannot be dropped due to its non-linearity. Then, if we consider FRW cosmology with the flat spatial part,
there is almost no qualitative difference between Einstein gravity and Horˇava-Lifshitz gravity, except that an effective
dark matter could appear as a kind of integration constant in Horˇava-Lifshitz gravity [88]. The effective dark mat-
ter appears because the constraint given by the variation over N becomes global in the projectable Horˇava-Lifshitz
gravity.
Now, we introduce very general Horˇava-Lifshitz like F (R) gravity [79] by
SF (R˜) =
∫
d4x
√
g(3)NF (R˜) , R˜ ≡ KijKij − λK2 + 2µ∇µ (nµ∇νnν − nν∇νnµ)− EijGijklEkl . (II.274)
In the FRW universe with a flat spatial part, R˜ has the following form:
R˜ =
(3− 9λ)H2
N2
+
6µ
a3N
d
dt
(
Ha3
N
)
=
(3− 9λ+ 18µ)H2
N2
+
6µ
N
d
dt
(
H
N
)
. (II.275)
The case one obtains with the choice of parameters λ = µ = 1 corresponds to the usual F (R) gravity as long as
we consider spatially flat FRW cosmology, because R˜ reduces to R in (II.272). On the other hand, in the case of
µ = 0, R˜ reduces to RHL (II.272) and, therefore, the action (II.274) becomes identical with the action (II.262) of the
Horˇava-Lifshitz like F (R) gravity in ref. [85]. Thus, the µ = 0 version corresponds to some degenerate limit of the
above general F (R) Horˇava-Lifshitz gravity. We call this limit degenerate because it is very difficult to obtain the
FRW equations when µ = 0 is set from the very beginning. In our theory the FRW equations can be obtained quite
easily, and then µ = 0 is a simple limit.
For the action (II.274), the FRW equation given by the variation over g
(3)
ij has the following form after assuming
the FRW space-time (II.271) and setting N = 1:
0 = F
(
R˜
)
− 2 (1− 3λ+ 3µ)
(
H˙ + 3H2
)
F ′
(
R˜
)
− 2 (1− 3λ)H
dF ′
(
R˜
)
dt
+ 2µ
d2F ′
(
R˜
)
dt2
+ pmatter . (II.276)
On the other hand, the variation over N gives the global constraint:
0 =
∫
d3x

F (R˜)− 6{(1− 3λ+ 3µ)H2 + µH˙}F ′ (R˜)+ 6µH dF ′
(
R˜
)
dt
− ρmatter

 , (II.277)
after setting N = 1. Because N only depends on t, and thus does not depend on the spatial coordinates, we only
obtain the global constraint given by the integration. If the standard conservation law (II.144) is used, Eq. (II.276)
can be integrated to give
0 = F
(
R˜
)
− 6
{
(1− 3λ+ 3µ)H2 + µH˙
}
F ′
(
R˜
)
+ 6µH
dF ′
(
R˜
)
dt
− ρmatter − C
a3
. (II.278)
Here, C is the integration constant. Using (II.277), one finds C = 0. In [88], however, it was claimed that C need not
always vanish in a local region, because (II.277) needs to be satisfied throughout the entire universe. In the region
C > 0, the Ca−3 term in (II.278) may be regarded as dark matter.
Note that Eq. (II.278) corresponds to the first FRW equation and (II.276) to the second one. Specifically, if we
choose λ = µ = 1 and C = 0, Eq. (II.278) reduces to
0 = F
(
R˜
)
− 6
(
H2 + H˙
)
F ′
(
R˜
)
+ 6H
dF ′
(
R˜
)
dt
− ρmatter
= F
(
R˜
)
− 6
(
H2 + H˙
)
F ′
(
R˜
)
+ 36
(
4H2H˙ + H¨
)
F ′′
(
R˜
)
− ρmatter . (II.279)
This coincides with the corresponding FRW equation for traditional F (R) gravity introduced in the first section of this
chapter. Note that in the degenerate µ = 0 case [85], the action (II.274) or (II.262) does not contain any term with
second derivatives with respect to the coordinates. Such a term appears in the standard F (R) gravity. The existence
of the second derivatives in the usual F (R) gravity induces the third and fourth derivatives in the FRW equation as in
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(II.276). Due to such higher derivatives, an extra scalar mode appears, which is often called the scalaron in the usual
F (R) gravity. This scalar mode often affects the correction to Newton’s law as well as other solar tests. Therefore,
such a scalar mode does not appear in the F (R) Horˇava-Lifshitz gravity with µ = 0. Thus, we have formulated a
general Horˇava-Lifshitz F (R) gravity that describes the standard F (R) gravity or its non-degenerate Horˇava-Lifshitz
extension in a consistent way.
2. FRW cosmology
This section is devoted to the study of the FRW Eqs. (II.276) and (II.277), which admit a de Sitter universe solution.
We follow ref. [79]. It is convenient to neglect the matter contribution: pmatter = ρmatter = 0. Assuming H = H0,
both of Eqs. (II.276) and (II.277) lead to the same equation
0 = F
(
3 (1− 3λ+ 6µ)H20
)− 6 (1− 3λ+ 3µ)H20F ′ (3 (1− 3λ+ 6µ)H20) , (II.280)
as long as the integration constant vanishes (C = 0) in Eq. (II.278).
First, we consider the popular case that
F
(
R˜
)
∝ R˜+ βR˜2 . (II.281)
Then, Eq. (II.280) gives
0 = H20
{
1− 3λ+ 9β (1− 3λ+ 6µ) (1− 3λ+ 2µ)H20
}
. (II.282)
In the case of usual F (R) gravity, where λ = µ = 1 and, therefore, 1 − 3λ + 2µ = 0, there is formally only a trivial
solution H20 = 0. For our general case, however, there exists the non-trivial solution
H20 = −
1− 3λ
β (1− 3λ+ 6µ) (1− 3λ+ 2µ) , (II.283)
as long as the right-hand side of (II.283) is positive. If the magnitude of this non-trivial solution is small enough, this
solution might correspond to the late-time accelerating expansion. Thus, the R2 term may generate the late-time
acceleration. On the other hand, the above solution may serve as an inflationary solution for the early universe (with
the corresponding choice of parameters).
Instead of (II.281) one may consider the following model:
F
(
R˜
)
∝ R˜+ βR˜2 + γR˜3 . (II.284)
Eq. (II.280) becomes
0 = H20
{
1− 3λ+ 9β (1− 3λ+ 6µ) (1− 3λ+ 2µ)H20 + 9γ (1− 3λ+ 6µ)2 (5− 15λ+ 12µ)H40
}
, (II.285)
which has the following two non-trivial solutions,
H20 = −
(1− 3λ+ 2µ)β
2 (1− 3λ+ 6µ) (5− 15λ+ 12µ) γ
(
1±
√
1− 4 (1− 3λ) (5− 15λ+ 12µ)γ
9 (1− 3λ+ 2µ)2 β2
)
, (II.286)
as long as the r.h.s. is real and positive. If∣∣∣∣∣4 (1− 3λ) (5− 15λ+ 12µ)γ9 (1− 3λ+ 2µ)2 β2
∣∣∣∣∣≪ 1 , (II.287)
one of the two solutions is much smaller than the other solution. Then, one may regard that the larger solution
corresponds to the inflation and the smaller one to the late-time acceleration, similarly to the modified gravity model
[2], where such unification had been first proposed. Note that some of the above models may possess the future
singularity in the same way as the usual F (R) gravity. However, it would be possible to demonstrate that adding
terms with even higher derivatives might cure this singularity, as the addition of the R2 term did in the standard
F (R) gravity. Thus, we demonstrated the qualitative possibility to unify the early-time inflation with the late-time
acceleration in the modified Horˇava-Lifshitz F (R) gravity.
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3. Unified inflation and dark energy in modified Horˇava-Lifshitz gravity
Let us consider here some viable F (R˜) gravities that admit the unification [2] of inflation with late-time acceleration.
In the traditional F (R) theory, a number of viable models (see [30–32]), which pass all local tests and are able to
unify the inflationary and the current cosmic accelerated epochs, have been proposed. Here, following ref. [89], it is
shown that this class of models may be extended to the Horˇava-Lifshitz gravity. The starting action is
F (R˜) = R˜+ f(R˜) , (II.288)
where it is assumed that the term f(R˜) becomes important at cosmological scales, whereas for scales comparable to
that of the solar system, the theory becomes linear on R˜. As an example, the following function [31] is considered
f(R˜) =
R˜n(αR˜n − β)
1 + γR˜n
, (II.289)
where α, β, and γ are constants and n > 1. This theory reproduces the inflationary and cosmic acceleration epochs
in convenient F (R) gravity (see ref. [31]). During inflation, it is assumed that the curvature scalar tends to infinity.
In this case, the model (II.288), with (II.289), behaves as
lim
R˜→∞
F (R˜) = αR˜n . (II.290)
Then, by solving the FRW equation (II.278) with C = 0, this kind of function yields a power-law solution of the type
H(t) =
h1
t
, where h1 =
2µ(n− 1)(2n− 1)
1− 3λ+ 6µ− 2n(1− 3λ+ 3µ) . (II.291)
This solution produces acceleration during the inflationary epoch if the parameters of the theory are properly defined.
The acceleration parameter is given by a¨a = h1(h1 − 1)/t2; thus, for h1 > 1, the inflationary epoch is well reproduced
by the model (II.289). Alternatively, the function (II.289) has a minimum at R˜0, given by
R˜0 ∼
(
β
αγ
)1/4
, f ′(R˜) = 0 , f(R˜) = −2Λ ∼ −β
γ
, (II.292)
where the condition βγ/α ≫ 1 is imposed. Then, at the current epoch, the scalar curvature acquires a small value
that can be fixed to coincide with the minimum (II.292), such that the FRW equations (II.276) and (II.278) with
C = 0 yield
H2 =
κ2
3(3λ− 1)ρmatter +
2Λ
3(3λ− 1) H˙ = −κ
2 ρmatter + pmatter
3λ− 1 , (II.293)
which look very similar to the standard FRW equations in general relativity, except for the parameter λ. (For a first
consideration of the FRW dynamics in Horˇava-Lifshitz gravity based on general relativity, see refs. [90–111].) As has
been pointed out, at the current epoch, the scalar R˜ is small, so the theory is in the IR limit where the parameter
λ ∼ 1, and the equations approach the usual equations for F (R) gravity. Thus, the FRW equations (II.293) reproduce
the behavior of the well-known ΛCDM model with no need to introduce a dark energy fluid to explain the current
universe acceleration.
As another example of the models described by (II.288), one can consider the function [15, 30, 32],
f(R˜) = − (R˜ − R˜0)
2n+1 + R˜2n+10
f0 + f1
[
(R˜− R˜0)2n+1 + R˜2n+10
] = − 1
f1
+
f0/f1
f0 + f1
[
(R˜ − R˜0)2n+1 + R˜2n+10
] . (II.294)
This function could also serve as the unification of inflation and cosmic acceleration; however, in this case, when one
takes the limit R˜→∞, one gets
lim
R˜→∞
F (R˜) = R˜− 2Λi , where Λi = 1/2f1 , (II.295)
where the subscript i denotes the inflationary. By inserting this into Eqs. (II.276) and (II.278) with C = 0, the FRW
equations take the same form as in (II.293). Then, for the function (II.294), the inflationary epoch is produced by an
42
effective cosmological constant, which implies that the parameter λ > 1/3, or the equations themselves will present
inconsistencies, as was discussed in the above section. For the current epoch, it is easy to see that the function (II.294)
exhibits a minimum for R˜ = R˜0, which implies, as in the model above, an effective cosmological constant for late time
that can produce the cosmic acceleration. The emergence of matter dominance before the dark energy epoch can be
exhibited, in analogy with the case of the convenient theory. Thus, we have shown that the model (II.294) also unifies
the cosmic expansion history, although with different properties during the inflationary epoch as compared with the
model (II.289).
It is also interesting to explore the de Sitter solutions allowed by the theory (II.262). By taking H(t) = H0, the
FRW equation (II.278), in the absence of any kind of matter and with C = 0, reduces to
0 = F (R˜0)− 6H20 (1− 3λ+ 3µ)F ′(R˜0) , (II.296)
which represents an algebraic equation that can be solved to yield the possible de Sitter points allowed by the theory.
As an example, let us consider the model (II.289), where Eq. (II.296) takes the form
R˜0+
R˜n0 (αR˜
n
0 − β)
1 + γR˜n0
+
6H20 (−1 + 3λ− 3µ)
[
1 + nαγR˜3n−10 + R˜
n−1
0 (2γR˜0 − nβ) + R˜2n−10 (γ2R˜0 + 2nα)
]
(1 + γR˜n0 )
2
= 0 . (II.297)
Here, R˜0 = 3(1−3λ+6µ)H20 . By specifying the free parameters of the theory, one can solve Eq. (II.297), which yields
several de Sitter points, as the one studied above. The de Sitter points can be used to explain the coincidence problem,
with the argument that the present will not be the only late-time accelerated epoch experienced by our universe. In
standard F (R) gravity, it was found that this model contains at least two de Sitter points along the cosmic history
(see [113]). In the same way, the second model studied here (II.294) provides several de Sitter points in the course of
cosmic history. Note that when µ = λ − 13 , Eq. (II.296) turns out to be much more simple; it reduces to F (R˜0) = 0,
where the de Sitter points are the roots. For example, for (II.297) we have R˜0(1 + γR˜
n
0 ) + R˜
n
0 (αR˜
n
0 − β) = 0, where
the number of positive roots (de Sitter points) depends on the free parameters of the theory.
In summary, it has been demonstrated here that, as in F (R˜) Horˇava-Lifshitz gravity, the so-called viable models,
as in (II.289) or (II.294), can in fact reproduce the whole cosmological history of the universe, in the same way as
convenient modified gravity.
G. Covariant power-counting renormalizable gravity
Motivated by the idea of ref. [84], a model of covariant, power-counting renormalizable gravity was proposed
[114, 115]. Its prototype using the perfect fluid is given in ref. [100]. Such a theory seems to be more natural than
models [79, 84] because Lorentz invariance is not broken explicitly. Moreover, the theory looks very similar to R2
gravity with a scalar. The present section is devoted to review of such covariant model in the FRW universe.
1. Perfect fluid formulation
Let us briefly review the covariant, power-counting renormalizable gravity of ref. [100]. The starting action is
S =
∫
d4x
√−g
{
R
2κ2
− α (T µνRµν + βTR)2
}
. (II.298)
Here, Tµν is the energy-momentum tensor of some string-inspired fluid. The action (II.298) is fully diffeomorphism
invariant. We consider the perturbation from the flat background gµν = ηµν + hµν . The following gauge conditions
are chosen: htt = hti = hit = 0. The fluid energy-momentum tensor in the flat background has the following form:
Ttt = ρ , Tij = pδij = wρδij . (II.299)
Here, w is the EoS parameter. Then, one finds
T µνRµν + βTR
= ρ
[{
−1
2
+
w
2
+ (−1 + 3w) β
}
∂2t
(
δijhij
)
+ (w − β + 3wβ) ∂i∂jhij
+(−w + β − 3wβ) ∂k∂k
(
δijhij
)]
. (II.300)
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If
β = − w − 1
2 (3w − 1) , (II.301)
the second term in the action (II.298) becomes
α (T µνRµν + βTR)
2
= αρ2
(
w
2
+
1
2
)2 {
∂i∂jhij − ∂k∂k
(
δijhij
)}2
, (II.302)
which does not contain the derivative with respect to t and breaks the Lorentz invariance. Imagine ρ is almost constant.
Then, in the ultraviolet region, in which k is large, the second term in the action (II.298) gives the propagator behaving
as 1/ |k|4. It renders the ultraviolet behavior (compared with Eq. (1.4) in [84]). Note that the form (II.301) indicates
that the longitudinal mode does not propagate; only the transverse mode propagates.
The action (II.298) gives z = 2 theory. For the theory to be ultraviolet, power-counting renormalizable in 3 + 1
dimensions, z = 3 theory is necessary. To obtain such a theory, we note that, for any scalar quantity Φ with the
choice
γ =
1
3w − 1 , (II.303)
one obtains
T µν∇µ∇νΦ+ γT∇ρ∇ρΦ = ρ (w + 1) ∂k∂kΦ , (II.304)
which does not contain the derivative with respect to the time coordinate t. This is true even if the coordinate frame
is not the local Lorentz frame. The derivative with respect to the time coordinate t is not contained in any coordinate
frame where the perfect fluid does not flow. Thus, the proposed action looks as
S =
∫
d4x
√−g
{
R
2κ2
− α (T µνRµν + βTR) (T µν∇µ∇ν + γT∇ρ∇ρ) (T µνRµν + βTR)
}
, (II.305)
with β = − w−12(3w−1) and γ = 13w−1 . It corresponds to z = 3 theory, which seems to be (power-counting) renormalizable.
In general, for the case
S =
∫
d4x
√−g
[
R
2κ2
− α {(T µν∇µ∇ν + γT∇ρ∇ρ)n (T µνRµν + βTR)}2
]
, (II.306)
with a constant n, z = 2n+ 2 theory, which is super-renormalizable for n ≥ 1 emerges.
The second terms in the actions (II.298), (II.305), and (II.306), which effectively break the Lorentz symmetry, are
relevant only in the high-energy/UV region because they contain higher-derivative terms. In the IR region, these
terms do not dominate, and the usual Einstein gravity follows as a limit.
2. Covariant field theory of gravity with a Lagrange multiplier
We now show that the perfect fluid, which appeared in (II.298), (II.305), and (II.306), can be realized by a scalar
field and the Lagrange multiplier field. As a result, we obtain a covariant, power-counting renormalizable field theory
of gravity.
The following constrained action for the scalar field φ is proposed:
Sφ =
∫
d4x
√−g
{
−λ
(
1
2
∂µφ∂
µφ+ U(φ)
)}
. (II.307)
Here, λ is the Lagrange multiplier field, which gives a constraint of
1
2
∂µφ∂
µφ+ U(φ) = 0 , (II.308)
that is, the vector (∂µφ) is time like. At least locally, one can choose the direction of time to be parallel to (∂µφ).
Then, Eq. (II.308) has the following form:
1
2
(
dφ
dt
)2
= U(φ) . (II.309)
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The equation given by the variation over φ will be discussed later.
The scalar field energy-momentum tensor T φµν with an arbitrary scalar potential is defined as follows:
T φµν = ∂µφ∂νφ− gµν
(
1
2
∂ρφ∂
ρφ+ V (φ)
)
. (II.310)
The “energy density” ρφ and “pressure” pφ become:
pφ =
1
2
(
dφ
dt
)2
− V (φ) = U(φ)− V (φ) , ρφ = 1
2
(
dφ
dt
)2
+ V (φ) = U(φ) + V (φ) . (II.311)
Here, the constraint (II.309) is used. Note that (unknown, for the moment) V (φ) is not identical with U(φ): V (φ) 6=
U(φ). In the case that V (φ) = U(φ), Eq. (II.311) shows that pφ = 0, which corresponds to dust with wφ ≡ pφ/ρφ = 0.
Of course, the classical and quantum dynamics of such constrained theories are quite non-trivial [117].
For simplicity, we choose V (φ) and U(φ) to be constants:
U(φ) = U0 , V (φ) = V0 . (II.312)
Then, if U0 = V0, the EoS parameter wφ vanishes. In the general case, one has wφ =
U0−V0
U0+V0
. Let us now use T φµν as
an energy-momentum tensor in the previous section. Eq.(II.301) shows β = − w−12(3w−1) = V02U0−4V0 . One can simplify
T φµνRµν + βT
φR = ∂µφ∂νφRµν + U0R . (II.313)
Here, Eqs. (II.308), (II.310), and (II.312) are used. Similarly, γ in (II.303) has the following form: γ = U0−V02U0−4V0 , which
gives, by using (II.304),
T φµν∇µ∇νΦ + γT φ∇ρ∇ρΦ = ∂µφ∂νφ∇µφ∇νΦ+ 2U0∇ρ∇ρΦ . (II.314)
Eq. (II.313) enables us to write down the z = 2 total action corresponding to (II.298) as
S =
∫
d4x
√−g
{
R
2κ2
− α (∂µφ∂νφRµν + U0R)2 − λ
(
1
2
∂µφ∂
µφ+ U0
)}
. (II.315)
On the other hand, the z = 3 total action corresponding to (II.305) is:
S =
∫
d4x
√−g
{
R
2κ2
− α (∂µφ∂νφRµν + U0R) (∂µφ∂νφ∇µ∇ν + 2U0∇ρ∇ρ) (∂µφ∂νφRµν + U0R)
−λ
(
1
2
∂µφ∂
µφ+ U0
)}
, (II.316)
and
S2n+2 =
∫
d4x
√−g
{
R
2κ2
− α {(∂µφ∂νφ∇µ∇ν + 2U0∇ρ∇ρ)n (∂µφ∂νφRµν + U0R)}2
−λ
(
1
2
∂µφ∂
µφ+ U0
)}
. (II.317)
for the z = 2n+ 2 model (n = 0, 1, 2, · · · ), and
S2n+3 =
∫
d4x
√−g
{
R
2κ2
− α {(∂µφ∂νφ∇µ∇ν + 2U0∇ρ∇ρ)n (∂µφ∂νφRµν + U0R)}
×
{
(∂µφ∂νφ∇µ∇ν + 2U0∇ρ∇ρ)n+1 (∂µφ∂νφRµν + U0R)
}
− λ
(
1
2
∂µφ∂
µφ+ U0
)}
, (II.318)
for the z = 2n + 3 model (n = 0, 1, 2, · · · ) (compare with [79])3. Note that the actions (II.315), (II.316), (II.317),
and (II.318) are totally diffeomorphism invariant and are only given in terms of the local fields. The actions (II.315),
(II.316), (II.317), and (II.318) do not depend on V0.
3 Note that the model (II.317) or (II.318) has better renormalization properties and no scalar graviton when the action is modified a
little bit and the scalar projector is inserted in second term [116].
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By the variation over φ, for example for the z = 2 (n = 0) case in (II.317), one finds
0 = 4α∂µ {∂νφRµν (∂ρφ∂σφRρσ + U0R)}+ ∂µ (λ∂µφ) . (II.319)
For the z ≥ 3 (n ≥ 1 case in (II.317) or n ≥ 0 case in (II.318)), one obtains a rather complicated equation.
The dispersion relation of the graviton is now given by
ω = αc0k
z , (II.320)
in the high-energy region. Here, c0 is a constant, ω is the angular frequency corresponding to the energy and k is the
wave number corresponding to momentum. If α < 0, the dispersion relation becomes inconsistent and, therefore, α
should be positive.
3. FRW cosmology
The gravitational terms different from general relativity in (II.317) and (II.318) are relevant in the high-energy
region. Such terms might affect the inflationary era. In this section, we briefly study FRW cosmology within the
theory under discussion. To obtain the FRW equations, the following form of the metric is assumed:
ds2 = −e2b(t)dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (II.321)
and it is assumed that the scalar field φ only depends on time. Then, Eq. (II.308) looks as:
1
2
(
dφ
dt
)2
= e2b(t)U0 . (II.322)
Thus, one gets
∂µφ∂νφRµν + U0R = 6U0e
−2bH2 , ∂µφ∂νφ∇µ∇ν + 2U0∇ρ∇ρ = −6U0e−2bH∂t , (II.323)
and the actions (II.317) and (II.318) have the following form:
S2n+2 =
∫
d4xa3
[
e−b
2κ2
(
6H˙ + 12H2 − 6b˙H
)
− (6U0)2n+2 eb
{(
e−2bH∂t
)n (
H2e−2b
)}2
−λ
(
−e
−b
2
(
dφ
dt
)2
+ ebU0
)]
, (II.324)
S2n+3 =
∫
d4xa3
[
e−b
2κ2
(
6H˙ + 12H2 − 6b˙H
)
−22n+3 · 32α U2n+20 eb
{(
e−2bH∂t
)n (
H2e−2b
)}{(
e−2bH∂t
)n+1 (
H2e−2b
)}
−λ
(
−e
−b
2
(
dφ
dt
)2
+ ebU0
)]
. (II.325)
The first FRW equation looks as follows:
0 =
3
κ2
H2 − (6U0)2n+2 αa−3
[
a3
(
Dn
(
H2
))2 − 4(−1)nH2D¯n (a3Dn (H2))
−4
n−1∑
k=0
(−1)k (D¯n−k (H2)) (D¯k (a3Dn (H2)))
]
− 2λU0 − ρmatter , (II.326)
for (II.324) and as follows:
0 =
3
κ2
H2 − (6U0)2n+3 αa−3
[
a3
(
Dn
(
H2
)) (
Dn+1
(
H2
))− 2(−1)nH2D¯n (a3Dn+1 (H2))
−2(−1)n+1H2D¯n+1 (a3Dn (H2))− 2 n−1∑
k=0
(−1)k (D¯n−k (H2)) (D¯k (a3Dn+1 (H2)))
−2
n∑
k=0
(−1)k (D¯n+1−k (H2)) (D¯k (a3Dn (H2)))
]
− 2λU0 − ρmatter , (II.327)
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for (II.325). We have also put b = 0 after the variation over b, where the metric (II.321) reduces to the standard FRW
metric and the operations of D and D¯ for a scalar ϕ are defined by
Dϕ ≡ H dϕ
dt
, D¯ϕ ≡ d (Hϕ)
dt
. (II.328)
On the other hand, by the variation over a, we get
0 =
1
κ2
(
2H˙ + 3H2
)
+ 22n+232n+1αU2n+20
{
−3 (Dn (H2))2 + 4 (−1)n a−3 d
dt
(
HD¯n
(
a3D¯n
(
H2
)))
+2
n∑
k=1
a−3
d
dt
((
d
dt
(
Dn−k
(
H2
))) (
D¯k−1
(
a3Dn
(
H2
))))}
+ pmatter , (II.329)
for (II.324) and
0 =
1
κ2
(
2H˙ + 3H2
)
+ 22n+332n+2αU2n+20
{−3 (Dn (H2)) (Dn+1 (H2))
+2 (−1)n a−3 d
dt
(
HD¯n
(
a3D¯n+1
(
H2
)))
+ 2 (−1)n+1 a−3 d
dt
(
HD¯n+1
(
a3D¯n
(
H2
)))
+
n∑
k=1
a−3
d
dt
((
d
dt
(
Dn−k
(
H2
))) (
D¯k−1
(
a3Dn+1
(
H2
))))
+
n+1∑
k=1
a−3
d
dt
((
d
dt
(
Dn−k+1
(
H2
))) (
D¯k−1
(
a3Dn
(
H2
))))}
+ pmatter , (II.330)
for (II.325). The simplest case is n = 0 in (II.324) when the FRW equations are
3
κ2
H2 = −108αU20H4 + 2λU0 + ρmatter , (II.331)
− 1
κ2
(
2H˙ + 3H2
)
= 36αU20
(
3H4 + 4H2H˙
)
+ pmatter . (II.332)
In the early universe, in which the curvature was large, the contribution from the Einstein term, which corresponds
to the right-hand side in (II.331) and (II.332), and the contributions from the matter ρmatter and pmatter, can be
neglected. Then, a solution of (II.332) is given by
H =
4
3t
, (II.333)
which expresses the (power-law) accelerated universe expansion corresponding to that with a perfect fluid with w =
−1/2. Eq. (II.331) gives
λ =
32αU0
3t4
. (II.334)
For more complicated versions of the above theory, one can expect to find a more rich class of background cosmological
solutions. The cosmological reconstruction may also be used for such models.
H. Dark fluid with an inhomogeneous equation of state
Usually, a perfect fluid with a constant EoS parameter w is discussed in the cosmological-related literature. One
may, however, consider a general equation of state fluid:
p = w
(
ρ, a,H, H˙, H¨, · · ·
)
ρ+
(
ρ, a,H, H˙, H¨, · · ·
)
. (II.335)
It is clear that any modified gravity may be presented as such an effective gravitational fluid coupled with general
relativity as was already mentioned in section A of the present chapter. Such an approach to modified gravity can
make things simpler when background evolution is investigated. However, it may lead to a number of problems in the
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study of cosmological perturbation theory or structure formation. Indeed, when developing such an approach, one
often forgets that the initial modified gravity is a higher-derivative theory and that perturbation theory should also
be a higher-derivative theory. Non-linearities are also effectively dropped. That is why we prefer to work with the
explicit modified gravity formulation but not with general relativity coupled to gravitational fluid.
The above fluid formulation is very general. Moreover, even if we restrict it to the case that the pressure p depends
only on the energy density ρ, the EoS fluid, which arbitrarily reproduced in FRW cosmology [118], may be constructed.
Needless to say, the unification of inflation with the dark energy epoch may already be achieved for such a fluid. The
FRW equations (II.3) show that, for the perfect fluid with the generalized equation of state
p = −ρ− 2
κ2
f ′
(
f−1
(
κ
√
ρ
3
))
, (II.336)
the solution of the FRW equations is given by H = f(t). Here, f(t) is an arbitrary function of the cosmological time
t. Therefore, the arbitrary universe evolution given by H = f(t) can be realized via the perfect fluid whose equation
of state is given by (II.336).
It is often convenient to use e-folding N = ln aa0 instead of the cosmological time t because e-folding is related with
the redshift z, which is directly given by observations (for more details, see the next chapter). One may consider the
reconstruction using N instead of the cosmological time t. Then, the second equation (II.3) can be rewritten as
ptotal = − 1
κ2
(
2HH ′ + 3H2
)
. (II.337)
Here, ′ expresses the derivative with respect to N : ′ ≡ d/dN . Thus, the fluid with the generalized equation of state
p = −ρ− 2
κ
f˜ ′
(
f˜−1
(
κ
√
ρ
3
))√
ρ
3
, (II.338)
gives the solution of the FRW equations by H = f˜(N).
It was already mentioned in section A that a phantom fluid whose EoS parameter w is less than −1 leads to the
future Big Rip singularity [1]. Several types of softer future singularities may occur for an effective quintessence fluid.
The classification of four future finite-time singularities is given in section A following ref. [34].
The Type I singularity corresponds to the Big Rip singularity [1, 33], which emerges when w < −1. The Type II
singularity corresponds to the sudden future singularity [35] at which a and ρ are finite but p diverges. The Type III
singularity appears, for instance, for the model with p = −ρ − Aρα [119], which is different from the sudden future
singularity in the sense that ρ diverges. This type of singularity was discovered in the model of ref. [119], where the
corresponding Lagrangian model of a scalar field with a potential was constructed.
Let us show that all above four types of future singularities may naturally occur for fluid dark energy. As an
example, one may start from the following fluid dark energy
p = −ρ− f(ρ) , (II.339)
where f(ρ) is generally an arbitrary function. The case of f(ρ) ∝ ρα with a constant α was proposed and investigated
in detail in ref. [119]. Using the conservation law (II.144) for such a choice, the scale factor a is given by
a = a0 exp
(
1
3
∫
dρ
f(ρ)
)
. (II.340)
Using the first equation (II.3), the cosmological time t is
t =
∫
dρ
κ
√
3ρf(ρ)
. (II.341)
In the case
f(ρ) = Aρα , (II.342)
by using Eq. (II.340), it follows that
a = a0 exp
[
ρ1−α
3(1− α)A
]
. (II.343)
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When α > 1, the scale factor remains finite even if ρ goes to infinity. When α < 1, a → ∞ (a → 0) as ρ → ∞ for
A > 0 (A < 0). Because the pressure is now given by
p = −ρ−Aρα , (II.344)
p always diverges when ρ becomes infinite. If α > 1, the EoS parameter w = p/ρ also goes to infinity, that is, w→ +∞
(−∞) for A < 0 (A > 0). When α < 1, we have w → −1 + 0 (−1− 0) for A < 0 (A > 0) as ρ→∞.
Using Eq. (II.341) for (II.342), one finds [34]
t = ts +
2√
3κA
ρ−α+1/2
1− 2α , for α 6=
1
2
, (II.345)
and
t = ts +
ln
(
ρ
ρ0
)
√
3κA
, for α =
1
2
. (II.346)
Therefore if α ≤ 1/2, ρ diverges into an infinite future or past. On the other hand, if α > 1/2, the divergence of ρ
corresponds to a finite future or past. In the case of a finite future, the singularity could be regarded as a Big Rip or
a Type I singularity (compare with the case in section A).
For the equation of state (II.342), the following cases were discussed [34]:
• In the case α = 1/2 or α = 0, there does not appear any singularity.
• In the case α > 1, Eq. (II.345) indicates that when t→ ts, the energy density behaves as ρ→∞ and, therefore,
|p| → ∞ due to (II.344). Eq. (II.343) shows that the scale factor a is finite even if ρ→∞. Therefore, the α > 1
case corresponds to a Type III singularity.
• The α = 1 case corresponds to p = wρ with a constant w if we replace −1 − A with w. Therefore, if A > 0,
either the Big Rip or a Type I singularity occurs, but if A ≤ 0, no future singularity appears.
• In the case that 1/2 < α < 1, when t → ts, all of ρ, |p|, and a diverge if A > 0; this corresponds to a Type I
singularity.
• In the case that 0 < α < 1/2, when t → ts, we find ρ, |p| → 0 and a → a0, but by combining (II.343) and
(II.345), we find
ln a ∼ |t− ts|
α−1
α−1/2 . (II.347)
Because the exponent (α− 1)/(α− 1/2) is not always an integer, even if a is finite, the higher derivatives of H
diverge in general. Therefore, this case corresponds to a Type IV singularity.
• In the case that α < 0, when t → ts, we find ρ → 0, a → a0, but |p| → ∞. Therefore, this case corresponds to
a Type II singularity.
Thus, it is explicitly demonstrated that simple fluid dark energy may bring the universe evolution to one of four
possible future singularities as well as to an asymptotically non-singular universe. The particular future behavior is
defined by the choice of the equation of state and of the parameters of this equation. Precisely the same phenomenon
occurs for any field model of dark energy or modified gravity, so there is no qualitative difference between different
dark energy models in this respect. The emergence of a finite-time future singularity in different modified gravities
will be described in the fourth chapter.
In summary, this chapter provided a review of several popular models of modified gravity is given. Of course,
the explicit choice of the models is related to our scientific interests. In particular, the following models were dis-
cussed: F (R) gravity, modified Gauss-Bonnet theory, scalar-Einstein-Gauss-Bonnet gravity, non-local gravity and
non-minimally coupled gravity. More exotic theories with explicit Lorentz symmetry breaking like Horˇava-Lifshitz
F (R) gravity or with apparent Lorentz symmetry breaking like covariant power-counting renormalizable field gravity
were also presented. In all cases, the spatially flat FRW cosmology was investigated. The qualitative possibility of
a unified description of early-time inflation with late-time acceleration was also demonstrated. It turns out that the
easiest and very realistic unification of these two eras is possible in F (R) gravity.
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III. COSMOLOGICAL RECONSTRUCTION OF MODIFIED GRAVITY
To explain the unified cosmic history of the universe, especially the inflation and/or the late-time accelerating
expansion of the present universe, several models of extended or modified gravity were proposed in the previous
chapter. Usually, we start from a theory, which is defined by the action, and solve equations of motion to define the
background dynamics. In this chapter, however, we consider the inverse problem, i.e., the cosmological reconstruction
of gravitational theories. In other words, using the fact that modified gravity is defined in terms of some arbitrary
function (or with the help of some potential), we show how the complicated background cosmology, which complies
with observational data, may be reconstructed. Eventually, this leads to a particular choice of the above arbitrary
function (or potential). This provides the qualitative difference between general relativity and modified gravity; the
latter theory (more exactly, some class of it) may have as a solution any given gravitational space-time. The problem
is, of course, how to define the specific version of the theory that has this particular space-time as an explicit (exact
or approximate) solution. The reconstruction scheme is explicitly constructed here for several modified gravities
introduced in the previous chapter. The general approach to reconstruction in modified gravity and dark energy
models was developed in refs. [18, 120, 121]. This kind of reconstruction may also be used for a spherically symmetric
solution like black holes (see, for example, [122]).
A. Scalar-tensor gravity
As the first example, let us consider the reconstruction of scalar-Einstein gravity (or scalar-tensor theory), whose
action can be written as
S =
∫
d4x
√−g
{
1
2κ2
R− 1
2
ω(φ)∂µφ∂
µφ− V (φ) + Lmatter
}
. (III.1)
Here, ω(φ) and V (φ) are functions of the scalar φ. The function ω(φ) is not relevant and can be absorbed into the
redefinition of the scalar field φ. In fact, if one redefines the scalar field φ by
ϕ ≡
∫ φ
dφ
√
|ω(φ)| , (III.2)
the kinetic term of the scalar field in the action (III.1) has the following form:
− ω(φ)∂µφ∂µφ =
{ −∂µϕ∂µϕ when ω(φ) > 0
∂µϕ∂
µϕ when ω(φ) < 0
. (III.3)
The case of ω(φ) > 0 corresponds to the quintessence or non-phantom scalar field, but the case of ω(φ) < 0 corresponds
to the phantom scalar. Although ω(φ) can be absorbed into the redefinition of the scalar field, we keep ω(φ) for a
later convenience.
1. The reconstruction using the cosmological time
This section is based on the studies [123–125].
For the action (III.1), in the FRW equations (II.3), the energy density and the pressure are as follows:
ρ =
1
2
ω(φ)φ˙2 + V (φ) , p =
1
2
ω(φ)φ˙2 − V (φ) . (III.4)
Then
ω(φ)φ˙2 = − 2
κ2
H˙ , V (φ) =
1
κ2
(
3H2 + H˙
)
. (III.5)
Assuming ω(φ) and V (φ) are given by a single function f(φ), as follows,
ω(φ) = − 2
κ2
f ′(φ) , V (φ) =
1
κ2
(
3f(φ)2 + f ′(φ)
)
, (III.6)
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the exact solution of the FRW equations (II.3) with (III.4) (when we neglect the contribution from the matter) has
the following form:
φ = t , H = f(t) . (III.7)
It can be confirmed that the equation given by the variation over φ
0 = ω(φ)φ¨+
1
2
ω′(φ)φ˙2 + 3Hω(φ)φ˙+ V ′(φ) , (III.8)
is also satisfied by the solution (III.7). Then, the arbitrary universe evolution expressed by H = f(t) can be realized
by an appropriate choice of ω(φ) and V (φ). In other words, by defining the particular type of universe evolution, the
corresponding scalar-Einstein gravity may be found.
As mentioned in (III.2) and (III.3), ω(φ) can be absorbed into the redefinition of the scalar field φ. By keeping ω(φ),
however, we can construct a model that exhibits a smooth transition from the non-phantom phase to the phantom
phase (and vice versa).
Let the matter energy density ρmatter and the matter pressure pmatter be given by the sum of the contributions from
the matter whose EoS parameters are wimatter = p
i
matter/ρ
i
matteris a constants. Here, the suffix “i” specifies the type
of matter. Using the conservation law of the energy density (II.144), we find ρmatter =
∑
ρi0a
−3(1+wimatter). Here, ρi0
is a constant. If ω(φ) and V (φ) are given in terms of a single function g(φ) as
ω(φ) = − 2
κ2
g′′(φ)−
∑
i
wimatter + 1
2
ρi0a
−3(1+wimatter)
0 e
−3(1+wimatter)g(φ) ,
V (φ) =
1
κ2
(
3g′(φ)2 + g′′(φ)
)
+
∑
i
wimatter − 1
2
ρi0a
−3(1+wimatter)
0 e
−3(1+wimatter)g(φ) , (III.9)
the solution of the FRW equations (II.3) is
φ = t , H = g′(t) ,
(
a = a0e
g(t)
)
. (III.10)
Thus, even in the presence of matter, any given cosmology defined by H = g′(t) can be realized by potentials(III.9).
As an example, the model with only one kind of matter with the EoS parameter wmatter (III.9) can be considered.
It is also assumed that wmatter > −1. Choosing g(φ) as
g(φ) =
2
3 (wmatter + 1)
ln
(
φ
ts − φ
)
, (III.11)
one obtains
ω(φ) = − 4
3 (wmatter + 1)κ2
(
− 1
φ2
+
1
(ts − φ)2
)
− wmatter + 1
2
ρ0a
−3(1+wmatter)
0
(ts − φ)2
φ2
,
V (φ) =
1
κ2
{
4
3 (wmatter + 1)
2
(
1
φ
+
1
ts − φ
)2
+
2
3 (wmatter + 1)
(
− 1
φ2
+
1
(ts − φ)2
)}
+
wmatter − 1
2
ρ0a
−3(1+wmatter)
0
(ts − φ)2
φ2
. (III.12)
The Hubble rate H follows as
H =
2
3 (wmatter + 1)
(
1
t
+
1
ts − t
)
. (III.13)
Because
H˙ =
2
3 (wmatter + 1)
(
− 1
t2
+
1
(ts − t)2
)
, (III.14)
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the EoS parameter weff (II.4) goes to wmatter > −1 when t → 0 and goes to −2 − wmatter < −1 at late times. The
crossing weff = −1 occurs when H˙ = 0, that is, t = ts/2. Note that
a¨
a
=
16ts
27 (wmatter + 1)
3
(ts − t)2 t2
{
t− (3wmatter + 1) ts
4
}
. (III.15)
Thus, if wmatter > −1/3, the deceleration of the universe turns to the acceleration at t = ta ≡ (3wmatter + 1) ts/4.
The second example in (III.9) is given by
g(φ) = −α ln
(
1− β ln φ
κ
)
. (III.16)
Here, α and β are dimensionless positive constants. Let us choose β ∼ O (10−2) for later convenience. Note that
the parameter order of 10−2 is not so unnatural. When only one kind of matter with the EoS parameter wmatter is
included, for simplicity, Eq. (III.16) gives the following expressions for ω(φ) and V (φ):
ω(φ) = −
2αβ
(
β − 1 + β ln φκ
)
κ2
(
1− β ln φκ
)2
φ2
− wmatter + 1
2
ρ0a
−3(1+wmatter)
0
(
1− β ln φ
κ
)3(wmatter+1)α
,
V (φ) =
αβ
(
3αβ + β − 1 + β ln φκ
)
κ2
(
1− β ln φκ
)2
φ2
+
wmatter − 1
2
ρ0a
−3(1+wmatter)
0
(
1− β ln φ
κ
)3(wmatter+1)α
. (III.17)
Supposing ρ0a
−3(1+wmatter)
0 ∼ O
(
κ−2
)
, any small parameter, compared with the Planck scale does not appear. Now,
the Hubble rate is given by H = αβ/ (1− β ln (t/κ)) t, which is positive if
0 < t < ts ≡ κe
1
β , (III.18)
and has a Big Rip-type singularity at t = ts. Because 10
61 ∼ e140, with the choice β ∼ 1/140, we obtain ts ∼
κ × 1061 ∼ (10−33 eV)−1, whose order is that of the age of the present universe. Thus, due to the property of the
exponential function (or logarithmic function), the small scale like ts appears rather naturally. We should also note
that if αβ ∼ O(100−2) and t is a present age of the universe t ∼ (10−33 eV)−1, the observed value of the Hubble rate
H ∼ 10−33 eV can also be reproduced. Because
a¨
a
=
αβ2
(
ln tκ + α+ 1− 1β
)
(
1− β ln tκ
)2
t2
, (III.19)
the universe changes to an accelerating from a decelerating universe when
t = ta ≡ κe
1
β−α−1 < ts . (III.20)
Because the energy density ρ of the scalar field φ and that of the matter ρmatter are given by
ρ =
3α2β2
κ2
(
1− β ln tκ
)2
t2
− ρ0a−3(1+wmatter)0
(
1− β ln t
κ
)3(wmatter+1)α
,
ρmatter = ρ0a
−3(1+wmatter)
0
(
1− β ln t
κ
)3(wmatter+1)α
, (III.21)
the coincidence time tc could be given by solving the following equation:(
1− β ln tc
κ
)3(wmatter+1)α+2
t2c =
3α2β2
κ2ρ0a
−3(1+wmatter)
0
. (III.22)
One may regard ρmatter as the sum of the energy density of usual matter, like baryons, and that of (cold) dark matter.
If ρ corresponds to the energy density of the dark energy, the current data indicate that ρ : ρmatter ∼ 7 : 3. Then, in
the present universe, it follows that (
1− β ln t
κ
)3(wmatter+1)α+2
t2 ∼ 9α
2β2
10κ2g0
. (III.23)
Thus, in the model (III.16), the acceleration of the present universe and the coincidence problem seem to be explained
rather naturally. This is achieved via explicit cosmological reconstruction of the scalar potentials.
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2. The reconstruction of the scalar-tensor models using e-folding
In this subsection, the formulation using the e-folding N instead of cosmological time is considered as in Eqs. (II.337)
and (II.338). The FRW equations (II.3) with (III.4) (when the matter contribution is neglected) are given in terms
of N , as follows:
3
κ2
H2 =
H2ω (φ)φ′2
2
+ V (φ) , − 1
κ2
(
2HH ′ + 3H2
)
=
H2ω (φ)φ′2
2
− V (φ) . (III.24)
We now identify φ = N ; then,
ω(φ) = − 2H
′
κ2H
, V (φ) =
1
κ2
(
HH ′ + 3H2
)
. (III.25)
The above equations (III.25) show that if one studies the model
ω(φ) = − 2f˜
′ (φ)
κ2f˜ (φ)
, V (φ) =
1
κ2
(
f˜ (φ) f˜ ′ (φ) + 3f˜ (φ)2
)
, (III.26)
which is given in terms of a single function f˜ , then the exact solution is given by H (N) = f˜ (N).
Let us consider an example by using the following function f˜ :
f˜(φ) = H1φ
−γ . (III.27)
Here, H1 and γ are positive constants. In this case
ω(φ) =
2γ
κ2φ
, V (φ) =
H21
κ2
(−γφ−2γ−1 + 3φ−2γ) , (III.28)
and the exact solution is given by H = H1N
−γ . With a redefinition of φ by φ→ ϕ = 2
√
2γφ
κ , the kinetic term becomes
canonical, and the potential is given by
V (ϕ) =
H21
κ2
{
−γ
(
κ2
8γ
)−2γ−1
ϕ−4γ−2 + 3
(
κ2
8γ
)−2γ
ϕ−4γ
}
. (III.29)
At late times (large N), only the last term is relevant. Conversely, at late times, if the potential is given by V ∝ ϕ−4γ ,
the solution has the form of H ∝ N−γ . The effective EoS parameter (II.4) is equal to
weff = −1 + 2γ
3N
, (III.30)
which goes to −1 when N goes to infinity.
Because we naively find C ≡ Plank scaleH0 ∼ 1061 ∼ e140, if
H1
H0
∼ C, it follows that N ∼ lnC and, therefore, γ ∼ 28.
Thus, the fine-tuning problem might be relaxed, but in this case one obtains weff ∼ −0.87, which is a little bigger
than the observational value −0.14 < 1 + w < 0.12 [126].
In the case that C˜ ≡ Weak scaleH0 ∼ 1044 ∼ e101, if H1H0 ∼ C˜, it follows that N ∼ ln C˜ and γ ∼ 21. This finishes the
cosmological reconstruction of scalar-tensor theory using e-folding.
3. Two-scalar model
Note that when studying the transition from the non-phantom phase to the phantom phase, the instability of the
single scalar-tensor gravity becomes infinite at the transition point [123, 124]. Thus, we only investigate two scalar-
tensor theory, which has an instability that can always finite. Moreover, with two scalars it is easier to realize unified
universe history expansion.
The action of two scalar-tensor gravity is
S =
∫
d4x
√−g
{
1
2κ2
R− 1
2
ω(φ)∂µφ∂
µφ− 1
2
η(χ)∂µχ∂
µχ− V (φ, χ)
}
. (III.31)
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Here, ω(φ) is a function of the scalar field φ, and η(χ) is a function of another scalar field χ. Note that the above
theory parameterizes a large number of popular dark energy models. Indeed, if both scalars could be canonical scalars,
then a kind of the quintessence model emerges. One of scalars may be phantom (wrong sign of the kinetic term) while
another scalar remains the canonical one. This is dark energy sometimes called quintom theory. Finally, both scalars
could be phantom. Moreover, two scalars may be organized so that a charged scalar with real and imaginary parts
appears.
It is also assumed that the FRW metric is spatiallyflat (II.6) and that φ and χ only depend on the time coordinate
t. The FRW equations lead to
ω(φ)φ˙2 + η(χ)χ˙2 = − 2
κ2
H˙ , V (φ, χ) =
1
κ2
(
3H2 + H˙
)
. (III.32)
If
ω(t) + η(t) = − 2
κ2
f ′(t) , V (t, t) =
1
κ2
(
3f(t)2 + f ′(t)
)
, (III.33)
the explicit solution follows as:
φ = χ = t , H = f(t) . (III.34)
One may choose ω to always be positive and η to always be negative, for example
ω(φ) = − 2
κ2
{
f ′(φ)−
√
α2 + f ′(φ)2
}
> 0 , η(χ) = − 2
κ2
√
α2 + f ′(χ)2 < 0 . (III.35)
Here, α is a constant. Define a new function f˜(φ, χ) by
f˜(φ, χ) ≡ −κ
2
2
(∫
dφω(φ) +
∫
dχη(χ)
)
. (III.36)
The constant of the integration could be fixed to require
f˜(t, t) = f(t) . (III.37)
If V (φ, χ) is given using f˜(φ, χ) as
V (φ, χ) =
1
κ2
(
3f˜(φ, χ)
2
+
∂f˜(φ, χ)
∂φ
+
∂f˜(φ, χ)
∂χ
)
, (III.38)
the FRW and the scalar field equations are also satisfied:
0 = ω(φ)φ¨+
1
2
ω′(φ)φ˙2 + 3Hω(φ)φ˙+
∂V˜ (φ, χ)
∂φ
, 0 = η(χ)χ¨+
1
2
η′(χ)χ˙2 + 3Hη(χ)χ˙+
∂V˜ (φ, χ)
∂χ
. (III.39)
Thus, for given cosmology the cosmological reconstruction (the calculation of scalar potentials) is made.
It is now interesting to investigate the (in)stability of the model under discussion. By introducing the new quantities,
Xφ, Xχ, and Y as
Xφ ≡ φ˙ , Xχ ≡ χ˙ , Y ≡ f˜(φ, χ)
H
, (III.40)
the FRW equations and the scalar field equations (III.39) are:
dXφ
dN
= − ω
′(φ)
2Hω(φ)
(
X2φ − 1
)− 3(Xφ − Y ) , dXχ
dN
= − η
′(χ)
2Hη(χ)
(
X2χ − 1
)− 3(Xχ − Y ) ,
dY
dN
=
1
2κ2H2
{Xφ (XφY − 1) +Xχ (XχY − 1)} . (III.41)
Here, d/dN ≡ H−1d/dt. In the solution (III.34), Xφ = Xχ = Y = 1. The following perturbation may be considered
Xφ = 1 + δXφ , Xχ = 1 + δXχ , Y = 1 + δY . (III.42)
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Thus,
d
dN

 δXφδXχ
δY

 =M

 δXφδXχ
δY

 , M ≡

 −
ω′(φ)
Hω(φ) − 3 0 3
0 − η′(χ)Hη(χ) − 3 3
1
2κ2H2
1
2κ2H2
1
κ2H2

 . (III.43)
The eigenvalues of the matrix M are given by solving the following eigenvalue equation
0 =
(
λ+
ω′(φ)
Hω(φ)
+ 3
)(
λ+
η′(χ)
Hη(χ)
+ 3
)(
λ− 1
κ2H2
)
+
3
2κ2H2
(
λ+
ω′(φ)
Hω(φ)
+ 3
)
+
3
2κ2H2
(
λ+
η′(χ)
Hη(χ)
+ 3
)
. (III.44)
The eigenvalues (III.44) for the two-scalar model are clearly finite. Thus, the instability could be finite. In fact, right
at the transition point where H˙ = f ′(t) = 0 and, therefore, f ′(φ) = f ′(χ) = 0, for the choice in (III.35), one gets
ω(φ) = −η(χ) = 2α
κ2
, ω′(φ) = −2H¨
κ2
, η′(χ) = 0 . (III.45)
Then, the eigenvalue equation (III.44) reduces to
0 = λ3 + (−A−B + 6)λ2 + (AB − 3A− 3B + 9)λ− 3
2
AB + 9B , A ≡ H¨
α
, B ≡ 1
κ2H2
. (III.46)
Here, α > 0 is chosen. The eigenvalues are surely finite, which shows that even if the solution (III.34) is not stable,
the solution has a non-vanishing measure and, therefore, the transition from the non-phantom phase to the phantom
phase can occur. We should also note that the solution (III.34) can be stable. For example, for the case A,B → 0.
Eq. (III.46) further reduces to
0 = λ (λ+ 3)
2
. (III.47)
Then, the eigenvalues are given by 0 and −3. Because there is no positive eigenvalue, the solution (III.34) is stable
in this case.
It is not difficult to extend the above formulation to the multi-scalar model, whose action is given by
S =
∫
d4x
√−g
{
1
2κ2
R− 1
2
∑
i
ωi(φi)∂µφi∂
µφi − V (φi)
}
. (III.48)
Here, ωi(φi) is a function of the scalar field φi. We now choose ωi to satisfy∑
i
ωi(t) = − 2
κ2
f ′(t) , (III.49)
by a proper function. The potential V (φi) is chosen as
V (φi) =
1
κ2
(
3f˜(φi) +
∑
i
∂f˜
∂φi
)
. (III.50)
Here
f˜(φi) ≡ −κ
2
2
∑
i
∫
dφiωi(φi) . (III.51)
The constant of the integration in (III.51) is determined to satisfy
f˜(φi)
∣∣∣
all φi=t
= f(t) . (III.52)
Then, a solution of the FRW equations and the scalar field equations is given by
φi = t , H = f(t) . (III.53)
55
The remaining arguments coincide with those given for the two-scalar model.
It is interesting to demonstrate that the transition from the matter-dominant period to the acceleration period can
be realized in the present formulation. In the following, the matter contribution can be neglected because the ratio
of the matter with the (effective) dark matter may be small.
The first example is as follows:
H = f(t) = g′(t) = g0 +
g1
t
. (III.54)
When t is large, the first term in (III.54) dominates and the Hubble rate H becomes a constant. Therefore, the
universe is asymptotically the de Sitter space, which corresponds to an accelerating universe. On the other hand,
when t is small, the second term in (III.54) dominates and the scale factor behaves as a ∼ tg1 . Therefore, if g1 = 2/3,
the matter-dominated period emerges. Here, one of the scalars may be considered as usual matter.
Because
f ′(t) = −g1
t
< 0 , (III.55)
instead of (III.35), by using a positive constant α, one may choose
ω(φ) = −2 (1 + α)
κ2
f ′(φ) > 0 , η(χ) =
2α
κ2
f ′(φ) < 0 , (III.56)
that is,
ω(φ) =
2(1 + α)
κ2
g1
φ2
, η(χ) =
2α
κ2
g1
φ2
. (III.57)
One should note that in the limit α → 0, the scalar field χ decouples and the single-scalar model follows. Thus, one
gets
f˜(φ, χ) = g0 +
(1 + α)g1
φ
− αg1
χ
, V (φ, χ) =
1
κ2
{
3
(
g0 +
(1 + α)g1
φ
− αg1
χ
)2
− (1 + α)g1
φ2
+
αg1
χ2
}
. (III.58)
Thus, for the scalar-tensor theory with such potentials the matter-dominant era occurs before the acceleration epoch.
This fact is easily established within the reconstruction scheme.
Before going to the second example, we consider the Einstein gravity with cosmological constant and with matter
characterized by the EOS parameter w. The FRW equation is as follows:
3
κ2
H2 = ρ0a
−3(1+w) +
3
κ2l2
. (III.59)
Here, l2 is the inverse cosmological constant. The solution of (III.59) is given by
a = a0e
g(t) , g(t) =
2
3(1 + w)
ln
(
α sinh
(
3(1 + w)
2l
(t− ts)
))
. (III.60)
Here, ts is a constant of the integration and
α2 ≡ 1
3
κ2l2ρ0a
−3(1+w)
0 . (III.61)
Thus, this is the ΛCDM era as it follows in the commonly accepted approach.
As the second example, the reconstruction of the ΛCDM metric (III.60) for scalar-tensor theory is done below.
Because
f(t) ≡ g′(t) = 1
l
coth
(
3(1 + w)
2l
(t− ts)
)
, f ′(t) = g′′(t) = −3(1 + w)
2l2
sinh−2
(
3(1 + w)
2l
(t− ts)
)
< 0 , (III.62)
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it is convenient to use (III.56) instead of (III.35). Then, one arrives at
ω(φ) =
3(1 + w)(1 + α)
κ2l2
sinh−2
(
3(1 + w)
2l
(φ− ts)
)
> 0 ,
η(χ) = −3(1 + w)α
κ2l2
sinh−2
(
3(1 + w)
2l
(χ− ts)
)
< 0 ,
f˜(φ, χ) =
1 + α
l
coth
(
3(1 + w)
2l
(φ− ts)
)
− α
l
coth
(
3(1 + w)
2l
(χ− ts)
)
,
V (φ, χ) =
1
κ2
[
3
l2
{
(1 + α) coth
(
3(1 + w)
2l
(φ− ts)
)
− α coth
(
3(1 + w)
2l
(χ− ts)
)}2
(III.63)
−3(1 + w)(1 + α)
l2
sinh−2
(
3(1 + w)
2l
(φ− ts)
)
+
3(1 + w)α
l2
sinh−2
(
3(1 + w)
2l
(χ− ts)
)]
.
This completes the reconstruction of scalar potentials to reproduce the ΛCDM epoch.
Thus, in both examples, (III.54) and (III.60), the matter dominant stage, the transition from the matter dominant
phase to the acceleration phase and acceleration epoch occur. In the acceleration phase of the above examples,
the universe asymptotically approaches the de Sitter space. This does not conflict with the Wilkinson Microwave
Anisotropy Probe (WMAP) data. Indeed, three years WMAP data have been analyzed in ref. [127–129]. The
combined analysis of WMAP data with the Supernova Legacy Survey (SNLS) constrains the dark energy equation
of state wDE, pushing it toward the cosmological constant. The marginalized best fit values of the equation of state
parameter at the 68% confidence level are given by −1.14 ≤ wDE ≤ −0.93. In the prior case of a flat universe, the
combined data give −1.06 ≤ wDE ≤ −0.90. In the examples (III.54) and (III.60), the universe goes asymptotically to
the de Sitter space, which gives wDE → −1, which does not conflict with the above constraints. Note, however, that
one needs to fine-tune g0 in (III.54) and 1/l in (III.60) to be g0 ∼ 1/l ∼ 10−33 eV, to reproduce the observed Hubble
rate H0 ∼ 70 km s−1Mpc−1 ∼ 10−33 eV.
As a final remark, there is no problem regarding the inclusion of the usual matter (for example, ideal fluid and
dust) into the above reconstruction scenario and/or finding the scalar potentials corresponding to realistic cosmology
in the multi-scalar case. Moreover, in the same way, one may include the radiation-dominated epoch where quantum
effects may still be neglected in the above scenario. In the next section it is shown how similar reconstruction scheme
may be developed for modified gravity.
4. Brans-Dicke gravity
The action of the original Brans-Dicke model [130] has the following form:
SBD =
1
2κ2
∫
d4x
√−g
(
φR − ω∂µφ∂
µφ
φ
)
, (III.64)
which can be generalized as
S =
∫
d4x
√−g
[
eϕ(φ)R
2κ2
− 1
2
ω(φ)∂µφ∂
µφ− V (φ) + Lm
]
. (III.65)
This kind of model was applied to the dark energy problem in [131], and it was found that even if ω(φ) > 0, that is,
the scalar field is canonical, the phantom universe can be realized.
The FRW equations are as follows:
H2 =
e−ϕκ2
3
[
1
2
ω(φ)φ˙2 + V (φ)
]
, H˙ = −e
−ϕκ2
2
ω(φ)φ˙2 − 1
2
(
ϕ¨+ ϕ˙2
)
, (III.66)
This can be rewritten as
ω(φ)φ˙2 = −2e
ϕ
κ2
[
H˙ +
1
2
(
ϕ¨+ ϕ˙2
)]
, V (φ) =
2eϕ
κ2
[
H˙ + 3H2 +
1
2
(
ϕ¨+ ϕ˙2
)]
. (III.67)
Then, if the following choice of scalar potentials using a function f(φ) [132] is taken:
ω(φ) = −2e
ϕ(φ)
κ2
[
f ′(φ) +
1
2
(
ϕ′′(φ) + ϕ′(φ)2
)]
, V (φ) =
2eϕ(φ)
κ2
[
f ′(φ) + 3f(φ)2 +
1
2
(
ϕ′′(φ) + ϕ′(φ)2
)]
, (III.68)
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the explicit solution looks like
H = f(t) , φ = t . (III.69)
Note that ϕ(φ) can be an arbitrary function of φ. By this reconstruction formalism, the phantom crossing (w = −1
crossing) can be realized for ω(φ) > 0, that is, when the scalar field is canonical (non-ghost). A slightly different
version of the reconstruction formalism for above theory is given in [133].
B. The k-essence model
Here, based on [134], we consider the reconstruction of the k-essence model, which represents the evident general-
ization of quintessence theory. The k-essence model is a rather general model that includes only one scalar field and
the action is given by
S =
∫
d4x
√−g
(
R
2κ2
−K (φ,X) + Lmatter
)
, X ≡ ∂µφ∂µφ . (III.70)
Here, φ is a scalar field.
Now, the Einstein equation has the following form:
1
κ2
(
Rµν − 1
2
gµνR
)
= −K (φ,X) gµν + 2KX (φ,X) ∂µφ∂νφ+ Tµν . (III.71)
Here, KX (φ,X) ≡ ∂K (φ,X) /∂X . On the other hand, the variation over φ gives
0 = −Kφ (φ,X) + 2∇µ (K (φ,X) ∂µφ) . (III.72)
Here, Kφ (φ,X) ≡ ∂K (φ,X) /∂φ and it is assumed that the scalar field φ does not directly couple with the matter.
1. The reconstruction using the cosmological time
Let us start from the FRW universe (II.6) and assume that the scalar field φ only depends on time. The FRW
equations are given by
3
κ2
H2 = 2X
∂K (φ,X)
∂X
−K (φ,X) + ρmatter(t) , − 1
κ2
(
2H˙ + 3H2
)
= K (φ,X) + pmatter(t) . (III.73)
The FRW equations (III.73) show that for the following model
K(φ,X) =
∞∑
n=0
(X + 1)
n
K(n)(φ) , K(0)(φ) = − 1
κ2
(
2f ′(φ) + 3f(φ)2
)
, K(1)(φ) =
1
κ2
f ′(φ) , (III.74)
there exists a solution given by
H = f(t) , φ = t . (III.75)
Note that in (III.74), K(n)(φ) n ≥ 2 can be an arbitrary function. To investigate the role of K(n)(φ) (n ≥ 2), the
following perturbation may be discussed:
H = f(t) + δH , φ = t+ δφ , (III.76)
The stability of the solution (III.75) should now be investigated. In (III.76), it is assumed that δH and δφ do not
depend on the spatial coordinates. Then, δH is solved as a function of δφ: δH = δH(δφ), and one obtains
dδφ˙
dN
=
[
−3− g
′′
g′2
− d
dN
{
κ2
6g′2
(
8K(2) − 2
κ2
g′′
)}]
δφ˙ . (III.77)
If the quantity inside [ ] is negative, the solution (III.75) becomes stable. Because Eq. (III.77) contains K(2), if K(2)
is chosen properly, the solution corresponding to an arbitrary evolution law becomes stable.
58
Let us consider the condition that there is a Schwarzschild or Schwarzschild-(A)dS solution. Let φ be a constant:
φ = φ0 . (III.78)
Eqs. (III.71) and (III.72) reduce to
1
κ2
(
Rµν − 1
2
gµνR
)
= −K (φ0, 0) gµν + Tµν , (III.79)
0 = Kφ (φ0, 0) . (III.80)
When Tµν = 0, if K (φ0, 0) does not vanish, a solution of (III.79) is given by Schwarzschild-(A)dS space-time. On
the other hand, if K (φ, 0) vanishes, the Schwarzschild solution, which is asymptotically Minkowski space-time, is
a solution. The equation (III.80) requires that, in general, Kφ (φ, 0) has an extremum or K (φ, 0) is a constant
independent of φ. Especially if K (φ, 0) vanishes identically, Eq. (III.79) gives the Schwarzschild solution.
K (φ,X) can be written as
K (φ,X) =
∑
n=0
(1 +X)nKn(φ) . (III.81)
Then, if K (φ, 0) = 0, it follows that ∑
n=0
Kn(φ) = 0 . (III.82)
In particular, one may choose
K3(φ) = −K0(φ)−K1(φ)−K2(φ) . (III.83)
Thus, if the condition (III.82) or (III.83) is satisfied, the Schwarzschild space-time is always a solution independent
of the value of φ as long as φ is a constant. Here, any point source of matter creates the Schwarzschild space-time
which generates the Newton potential. The correction to Newton’s law does not appear. Note that the value of the
scalar field φ changes by the evolution of the universe, but as long as the condition (III.82) or (III.83) is satisfied, in
a local region where φ is almost constant, the correction to Newton’s law is negligible.
2. The reconstruction using e-folding
Because it is often convenient to use the redshift z or e-folding N , we rewrite the FRW equations (III.73) as
3
κ2
H2 = 2X
∂K (φ,X)
∂X
−K (φ,X) + ρmatter(N) , − 1
κ2
(
2HH ′ + 3H2
)
= K (φ,X) + pmatter(N) . (III.84)
Here, H ′ ≡ dH/dN . If the matter energy density is given by a sum of the contributions from the matter with constant
EoS parameters wi, one finds
ρmatter(N) =
∑
i
ρ0ia
−3(1+wi) =
∑
i
ρ0ie
−3(1+wi)(N−N0) ,
pmatter(N) =
∑
i
wiρ0ia
−3(1+wi) =
∑
i
wiρ0ie
−3(1+wi)(N−N0) . (III.85)
Here, ρ0i’s are constants. For general energy density ρmatter(N), because the conservation law (II.144) can be rewritten
in terms of N as
ρ′matter(N) + 3 (ρmatter(N) + pmatter(N)) = 0 , (III.86)
it follows that
pmatter(N) = −ρmatter(N)− 1
3
ρ′matter(N) . (III.87)
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With the help of the FRW equations (III.84), we find
K (φ,X) = − 1
κ2
(
2H
dH
dN
+ 3H2
)
+ ρmatter(N) +
1
3
ρ′matter(N) ,
H2
∂K (φ,X)
∂X
=
1
κ2
H
dH
dN
− 1
6
ρ′matter(N) . (III.88)
If a new variable G(N) = H(N)2 is defined, the equations (III.88) can be rewritten as
K (φ,X) = − 1
κ2
(G′(N) + 3G(N)) + ρmatter(N) +
1
3
ρ′matter(N) ,
H2
∂K (φ,X)
∂X
=
1
2κ2
G′(N)− 1
6
ρ′matter(N) . (III.89)
Using the appropriate function gφ(φ), if we choose
K(φ,X) =
∞∑
n=0
(
X
gφ(φ) +
κ2
3 ρ
′
matter(φ)
+ 1
)n
K˜(n)(φ) ,
K˜(0)(φ) ≡ − 1
κ2
(
g′φ(φ) + 3gφ(φ)
)
K˜(1)(φ) =
1
2κ2
g′φ(φ) , (III.90)
the explicit solution for the FRW equations (III.73) is found as
G(N) = H(N)2 = gφ(N) +
κ2
3
ρmatter(N) , φ = N
(
X = −H2) . (III.91)
Here, K˜(n)(φ) with n ≥ 2 can be arbitrary. The reconstruction is fulfilled.
Let us now investigate the (in)stability of the solution (III.91). For this purpose, the perturbation from the solution
(III.91) is taken as follows:
G(N) = G0(N) + δG(N)
(
G0(N) ≡ gφ(N) + κ
2
3
ρ′matter(N)
)
, φ = N + δφ . (III.92)
Note that N -dependence in the energy density ρmatter is usually given by a fixed function as in (III.85). Therefore,
δρmatter = 0. Thus, the equations (III.89) give
− 1
κ2
(
g′′φ(N) + 3g
′
φ(N)
)
δφ(N)− g
′
φ(N)
2κ2
(
δG(N)
G0(N)
+ 2δφ′(N)− G
′
0(N)
G0(N)
δφ(N)
)
= − 1
κ2
(δG′(N) + 3δG(N)) ,
g′φ(N)
2κ2
δG(N)
G0(N)
+
g′′φ(N)
2κ2
δφ(N) − g
′
φ(N)
2κ2
G′0(N)
G0(N)
δφ(N) − 2K˜(2)(N)
(
δG(N)
G0(N)
+ 2δφ′(N)− G
′
0(N)
G0(N)
δφ(N)
)
=
1
2κ2
δG′(N) . (III.93)
Then, we find(
δφ′(N)
δG′(N)
)
=
1
L(N)
(
A B
C D
)(
δφ(N)
δG(N)
)
,
A ≡ −
(
3 +
G′0(N)
G0(N)
)
g′φ(N) +
G′0(N)
2G0(N)
L(N) , B ≡
(
3 +
g′φ(N)
G0(N)
)
− L(N)
2G0(N)
, (III.94)
C ≡ (g′′φ(N) + 3g′φ(N))L(N)− g′φ(N)2
(
3 +
G′0(N)
G0(N)
)
, D ≡ −3L(N) + g′φ(N)
(
3 +
g′φ(N)
G0(N)
)
.
Here,
L(N) ≡ g′φ(N) + 8κ2K˜(2)(N) . (III.95)
The stability of the solution requires A+D < 0 and AD −BC > 0, which gives
1
L(N)
g′φ(N)
G0(N)
(
g′φ(N)−G′0(N)
)
< 3− G
′
0(N)
2G0(N)
, (III.96)
1
L(N)
(−2g′φ(N)g′′φ(N)− 9g′φ(N)2 − 6g′′φ(N)G0(N) + 3G′0(N)g′′φ(N) + 6G′0(N)g′φ(N)) > g′′φ(N) . (III.97)
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It might be possible to make the system stable by choosing L(N) and, therefore, K˜(2)(N) properly. Neglecting the
matter, one finds gφ(N) = G0(N) and obtains
3 >
G′0(N)
2G0(N)
,
1
L(N)
(
G′0(N)G
′′
0 (N)− 3G′0(N)2 − 6G′′0(N)G0(N)
)
> G′′0 (N) . (III.98)
Thus, as long as the first condition is satisfied, the second condition can be always satisfied by choosing L(N), and
therefore K˜(2)(N), as an appropriate function. Using the above-developed general reconstruction scheme, any specific
accelerating universe may be formulated as a solution of such a theory.
C. Modified F (R) gravity
1. The reconstruction using the cosmological time
It is easy now to generalize the cosmological reconstruction scheme for modified gravity with F (R) action (II.2)
[18, 120, 121]. The action (II.2) is equivalently rewritten as
S =
∫
d4x
√−g
{
1
2κ2
(P (φ)R +Q(φ)) + Lmatter
}
. (III.99)
Here, P and Q are proper functions of the auxiliary scalar φ. The presence of an auxiliary scalar may simplify the
formulation below, making it more similar to the one for scalar-tensor gravity. In fact, by the variation over φ, it
follows that 0 = P ′(φ)R +Q′(φ), which may be solved with respect to φ as φ = φ(R). By substituting the obtained
expression of φ(R) into (III.99), one arrives again at the F (R)-gravity:
S =
∫
d4x
√−g
{
F (R)
2κ2
+ Lmatter
}
, F (R) ≡ P (φ(R))R +Q(φ(R)) . (III.100)
By the variation of the action (III.99) with respect to the metric gµν , the standard spatially flat FRW equations are
obtained as:
0 = −6H2P (φ)−Q(φ)− 6H dP (φ(t))
dt
+ 2κ2ρmatter , (III.101)
0 =
(
4H˙ + 6H2
)
P (φ) +Q(φ) + 2
d2P (φ(t))
dt
+ 4H
dP (φ(t))
dt
+ 2κ2pmatter . (III.102)
Simple algebra leads to the following equation
0 = 2
d2P (φ(t))
dt2
− 2HdP (φ(t))
dt
+ 4H˙P (φ) + 2κ2 (pmatter + ρmatter) . (III.103)
As one can redefine the scalar field φ freely, a very natural choice is φ = t. It is assumed that ρmatter and pmatter are
the sum from the contributions of the matters with constant equation of state parameters wi. In particular, when a
combination of the radiation and dust is assumed, one gets the standard expression
ρmatter = ρr0a
−4 + ρd0a−3 , pmatter =
ρr0
3
a−4 , (III.104)
with constant ρr0 and ρd0. If the scale factor a is given by a proper function g(t) as a = a0e
g(t) with a constant a0,
Eq. (III.102) reduces to the second-rank differential equation:
0 = 2
d2P (φ)
dφ2
− 2g′(φ)dP (φ))
dφ
+ 4g′′(φ)P (φ) + 2κ2
∑
i
(1 + wi) ρi0a
−3(1+wi)
0 e
−3(1+wi)g(φ) . (III.105)
In principle, by solving (III.105) the form of P (φ) may be found. Using (III.101) (or equivalently (III.102)), the form
of Q(φ) follows:
Q(φ) = −6 (g′(φ))2 P (φ)− 6g′(φ)dP (φ)
dφ
+ 2κ2
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)g(φ) . (III.106)
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Thus, in principle, any given cosmology expressed as a = a0e
g(t) can be realized as the solution of some specific
(reconstructed) F (R) gravity. Some explicit examples of such a reconstruction are presented below. Of course, the
reconstruction is applied to cosmological eras that are fundamentally important in modern cosmology.
Model reproducing ΛCDM-type cosmology
Let us investigate whether ΛCDM-type cosmology can be reconstructed exactly by F (R) gravity in the present
formulation when we include dust, which can be a sum of the baryon and dark matter, and radiation.
In Einstein gravity, when there is matter with the EOS parameter w and cosmological constant, the FRW equation
has the form (III.59). The solution of (III.59) is given by (III.60). Let us show how it is possible to reconstruct F (R)
gravity by reproducing such an epoch (III.60). When matter is included, Eq. (III.105) has the following form:
0 = 2
d2P (φ)
dφ2
− 2
l
coth
(
3(1 + w)
2l
(φ− ts)
)
dP (φ)
dφ
− 6(1 + w)
l2
sinh−2
(
3(1 + w)
2l
(φ− ts)
)
P (φ) (III.107)
+
4
3
ρr0a
−4
0
(
α sinh
(
3(1 + w)
2l
(φ− ts)
))−8/3(1+w)
+ ρd0a
−3
0
(
α sinh
(
3(1 + w)
2l
(φ− ts)
))−2/(1+w)
.
Because this equation is a linear inhomogeneous equation, its general solution is given by the sum of the special
solution and of the general solution that corresponds to the homogeneous equation. For the case without matter, by
changing the variable from φ to z as follows,
z ≡ − sinh−2
(
3(1 + w)
2l
(t− ts)
)
, (III.108)
Eq. (III.107) without matter can be rewritten in the form of the Gauss hypergeometric differential equation:
0 = z(1− z)d
2P
dz2
+
[
γ˜ −
(
α˜+ β˜ + 1
)
z
] dP
dz
− α˜β˜P ,
γ˜ ≡ 4 + 1
3(1 + w)
, α˜+ β˜ + 1 ≡ 6 + 1
3(1 + w)
, α˜β˜ ≡ − 1
3(1 + w)
, (III.109)
whose solution is given by Gauss’ hypergeometric function:
P = P0F (α˜, β˜, γ˜; z) ≡ P0 Γ(γ˜)
Γ(α˜)Γ(β˜)
∞∑
n=0
Γ(α˜+ n)Γ(β + n)
Γ(γ˜ + n)
zn
n!
. (III.110)
Here, Γ is the Γ function. There is one more linearly independent solution like (1− z)γ˜−α˜−β˜F (γ˜ − α˜, γ˜ − β˜, γ˜; z), but
we drop it here, for simplicity. Using (III.106), one finds the form of Q(φ):
Q = −6(1− z)P0
l2
F (α˜, β˜, γ˜; z)− 3(1 + w)z(1 − z)P0
l2(13 + 12w)
F (α˜+ 1, β˜ + 1, γ˜ + 1; z) . (III.111)
From (III.108), it follows that z → 0 when t = φ → +∞. Then in the limit of t = φ → +∞, one arrives at
P (φ)R+Q(φ)→ P0R−6P0/l2. Identifying P0 = 1/2κ2 and Λ = 6/l2, the Einstein theory with cosmological constant
Λ can be reproduced. The action is not singular even in the limit of t→∞. Therefore, even without the cosmological
constant nor cold dark matter, the cosmology of the ΛCDM model can be reproduced by F (R)-gravity.
We now investigate the special solution of (III.107). By changing the variable as in (III.108), the inhomogeneous
differential equation looks as follows:
0 = z(1− z)d
2P
dz2
+
[
γ˜ −
(
α˜+ β˜ + 1
)
z
] dP
dz
− α˜β˜P + η (−z)−2(1+3w)/3(1+w) + ξ (−z)− 1+2w1+w ,
η ≡ 4l
2
27(1 + w)
ρr0a
−4
0 α
−8/3(1+w) , ζ ≡ l
2
3(1 + w)
ρd0a
−3
0 α
−2/(1+w) . (III.112)
It is not trivial to find the solution of (III.112). Let us consider the case that w = 0 and z → −∞, that is, t→ ts. In
the limit of t→ ts, Eq. (III.112) reduces to
0 = −z2d
2P
dz2
+ γ˜z
dP
dz
− α˜β˜P + η (−z)−2/3 , (III.113)
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whose special solution is given by
P = P0(−z)−2/3 , P0 = η
10
9 −
2(α˜+β˜+1)
3 + α˜β˜
= −9η
25
. (III.114)
In principle, other special solutions of Eq. (III.112) could be found. This proves that, in the presence (or in the
absence) of traditional matter, the standard ΛCDM cosmology can be reproduced exactly by F (R) gravity.
2. Reconstructed model realizing the phantom divide crossing
Using the above-developed method, we reconstruct an explicit model in which a crossing of the phantom divide
can be realized [135]. In other words, the modified F (R) theory that describes the transition from acceleration to
superacceleration (phantom era). will be presented.
A solution of Eq. (III.105) without matter can be given by
P (φ) = eg˜(φ)/2p˜(φ) , (III.115)
g˜(φ) = −10 ln
[(
φ
t0
)−γ
− C
(
φ
t0
)γ+1]
, (III.116)
p˜(φ) = p˜+φ
β+ + p˜−φβ− , (III.117)
β± =
1±
√
1 + 100γ(γ + 1)
2
, (III.118)
where γ and C are positive constants, t0 is the present time, and p˜± are arbitrary constants.
From Eq. (III.116), it follows that g˜(φ) diverges at finite φ when
φ = ts ≡ t0C−1/(2γ+1) , (III.119)
which shows that the Big Rip singularity could occur at t = ts [1]. One only needs to consider the period 0 < t < ts
because g˜(φ) should be a real number. Eq. (III.116) also gives the following Hubble rate H(t):
H(t) =
dg˜(φ)
dφ
=
(
10
t0
)γ
(
φ
t0
)−γ−1
+ (γ + 1)C
(
φ
t0
)γ
(
φ
t0
)−γ
− C
(
φ
t0
)γ+1

 , (III.120)
where it is taken that φ = t.
In the FRW background (II.6), as in (II.3), the effective energy density and pressure of the universe are given by
ρeff = 3H
2/κ2 and peff = −
(
2H˙ + 3H2
)
/κ2, respectively. Then, the effective EoS parameter weff is defined as in
(II.4). For the case of H(t) of Eq. (III.120), from Eq. (II.4), we find that weff is expressed as
weff = −1 + U(t) , (III.121)
where
U(t) ≡ − 2H˙
3H2
= −
−γ + 4γ (γ + 1)
(
t
ts
)2γ+1
+ (γ + 1)
(
t
ts
)2(2γ+1)
15
[
γ + (γ + 1)
(
t
ts
)2γ+1]2 . (III.122)
For the case of Eq. (III.120), the scalar curvature R = 6
(
H˙ + 2H2
)
is given by
R =
60
[
γ (20γ − 1) + 44γ (γ + 1)
(
t
ts
)2γ+1
+ (γ + 1) (20γ + 21)
(
t
ts
)2(2γ+1)]
t2
[
1−
(
t
ts
)2γ+1]2 . (III.123)
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In deriving Eqs. (III.122) and (III.123), Eq. (III.119) was used.
When t→ 0, i.e., t≪ ts, H(t) behaves as
H(t) ∼ 10γ
t
. (III.124)
In this limit, it follows from Eq. (II.4) that the effective EoS parameter is given by
weff = −1 + 1
15γ
. (III.125)
This behavior is identical to that in Einstein gravity with matter with an EoS parameter greater than −1.
On the other hand, when t→ ts, one finds that
H(t) ∼ 10
ts − t . (III.126)
In this case, the scale factor is given by a(t) ∼ a0 (ts − t)−10. When t → ts, therefore, a → ∞, namely, the Big Rip
singularity appears. In this limit, the effective EoS parameter is given by
weff = −1− 1
15
= −16
15
. (III.127)
This behavior is identical with that of the case in which there is phantom matter that has an EoS parameter smaller
than −1. Thus, we have obtained an explicit model showing a crossing of the phantom divide.
It follows from Eq. (II.4) that the effective EoS parameter weff is equal to −1 when H˙ = 0. Solving weff = −1 with
respect to t by using Eq. (III.121), namely, U(t) = 0, we find that the effective EoS parameter crosses the phantom
divide at t = tc given by
tc = ts
(
−2γ +
√
4γ2 +
γ
γ + 1
)1/(2γ+1)
. (III.128)
From Eq. (III.122), one sees that when t < tc, U(t) > 0 because γ > 0. Moreover, the time derivative of U(t) is given
by
dU(t)
dt
= − 2γ (γ + 1) (2γ + 1)
2
15
[
γ + (γ + 1)
(
t
ts
)2γ+1]3
(
1
ts
)(
t
ts
)2γ [
1−
(
t
ts
)2γ+1]
. (III.129)
Eq. (III.129) shows that the relation dU(t)/ (dt) < 0 is always satisfied because only the period 0 < t < ts is considered
as mentioned above. This means that U(t) decreases monotonically. Thus, the value of U(t) evolves from positive to
negative. From Eq. (III.121), we see that the value of weff crosses −1. Once the universe enters the phantom phase, it
stays in this phase, namely, the value of weff remains less than −1, and finally the Big Rip singularity occurs because
U(t) decreases monotonically. Note that other types of finite-time future singularities in modified gravity are possible
as demonstrated after Eq. (II.96) in the second chapter (see also ref. [39]). It follows from Eqs. (III.115), (III.116),
(III.117) and (III.119) that P (t) is given by
P (t) =


(
t
t0
)γ
1−
(
t
ts
)2γ+1


5 ∑
j=±
p˜jt
βj . (III.130)
Using Eq. (III.130), one gets
Q(t) = −6H


(
t
t0
)γ
1−
(
t
ts
)2γ+1


5 ∑
j=±
(
3
2
H +
βj
t
)
p˜jt
βj . (III.131)
If one can solve Eq. (III.123) with respect to t as t = t(R), in principle we can obtain the form of F (R) by using
this solution and Eqs. (III.100), (III.130) and (III.131). In fact, however, for the general case it is difficult to solve
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FIG. 2: Behavior of t2sF (R˜) as a function of R˜ for γ = 1/2, p˜+ = −1/tβ+s , p˜− = 0, β+ =
(
1 + 2
√
19
)
/2 and ts = 2t0.
Eq. (III.123) as t = t(R). Thus, as a solvable example, we show the behavior of t2sF (R˜) as a function of R˜ ≡ t2sR in
Fig. 1 for γ = 1/2, p˜+ = −1/tβ+s , p˜− = 0, β+ =
(
1 + 2
√
19
)
/2 and ts = 2t0. The quantities in Fig. III C 2 are shown
as dimensionless value. The horizontal and vertical axes show R˜ and t2sF , respectively. (Here, R˜ = t
2
sR = 4R/R0,
where R0 is the current curvature. In deriving this relation, we have used ts = 2t0, t0 ≈ H−10 , where H0 is the present
Hubble parameter.) From Fig. 1, we see that the value of F (R) increases as that of R becomes larger.
To examine the analytic form of F (R) for the general case, we will now investigate the behavior of F (R) in the
limits t→ 0 and t→ ts. When t→ 0, from Eq. (III.124) we find
t ∼
√
60γ (20γ − 1)
R
. (III.132)
In this limit, it follows from Eqs. (III.100), (III.124), (III.130), (III.131) and (III.132) that the form of F (R) is given
by
F (R) ∼


[
1
t0
√
60γ (20γ − 1)R−1/2
]γ
1−
[
1
ts
√
60γ (20γ − 1)R−1/2
]2γ+1


5
R
×
∑
j=±
{(
5γ − 1− βj
20γ − 1
)
p˜j [60γ (20γ − 1)]βj/2R−βj/2
}
. (III.133)
On the other hand, when t→ ts, from Eq. (III.126) we obtain
t ∼ ts − 3
√
140
R
. (III.134)
In this limit, it follows from Eqs. (III.100), (III.126), (III.130), (III.131) and (III.134) that the form of F (R) is given
by
F (R) ∼


{
1
t0
[
ts − 3
√
140R−1/2
]}γ
1−
[
1− 3
√
140
ts
R−1/2
]2γ+1


5
R
∑
j=±
p˜j
[
ts − 3
√
140R−1/2
]βj
×
{
1−
√
20
7
[√
15
84
ts + (βj − 15)R−1/2
]
1
ts − 3
√
140R−1/2
}
. (III.135)
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The above modified gravity may be considered as an approximated form of a more realistic and viable theory. For
large R, namely, t2sR≫ 1, the expression of F (R) in (III.135) can be written approximately as
F (R) ≈ 2
7
[
1
3
√
140 (2γ + 1)
(
ts
t0
)γ]5∑
j=±
p˜jt
βj
s

 t5sR7/2 . (III.136)
Note also that viable models that lead to a Big Rip singularity as is discussed in the second chapter necessarily
predict the phantom divide crossing. This gives exact (non-asymptotic) and realistic modified gravities that show such
phenomena. Moreover, some of the viable models with accelerating solutions that are asymptotically non-singular or
tend to softer Type II, Type III and Type IV singularities may also show phantom divide crossing. However, in this
case the phantom era turns out to be transient.
3. The reconstruction using e-folding
Let us demonstrate the reconstruction of F (R) gravity in terms of e-folding. Moreover, unlike the previous sub-
section, the slightly different approach is developed without the introduction of an auxiliary scalar. We introduce the
e-folding instead of the cosmological time t as: N = ln aa0 . The variable N is related to the redshift z by
e−N =
a0
a
= 1 + z . (III.137)
Because ddt = H
d
dN and, therefore,
d2
dt2 = H
2 d2
dN2 +H
dH
dN
d
dN , one can rewrite (II.7) by
0 = −F (R)
2
+ 3
(
H2 +HH ′
)
F ′(R)− 18
(
4H3H ′ +H2 (H ′)2 +H3H ′′
)
F ′′(R) + κ2ρmatter . (III.138)
Here, H ′ ≡ dH/dN and H ′′ ≡ d2H/dN2. As usual, the matter energy density ρmatter is given by the sum of the fluid
densities with the constant EoS parameter wi
ρmatter =
∑
i
ρi0a
−3(1+wi) =
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)N . (III.139)
Let the Hubble rate be given in terms of N via the function g(N) as
H = g(N) = g (− ln (1 + z)) . (III.140)
Then, the scalar curvature takes the form: R = 6g′(N)g(N) + 12g(N)2, which can be solved with respect to N as
N = N(R). Using (III.139) and (III.140), one can rewrite (III.138) as
0 = −18
(
4g (N (R))
3
g′ (N (R)) + g (N (R))2 g′ (N (R))2 + g (N (R))3 g′′ (N (R))
) d2F (R)
dR2
+3
(
g (N (R))
2
+ g′ (N (R)) g (N (R))
) dF (R)
dR
− F (R)
2
+ κ2
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)N(R) , (III.141)
which constitutes a differential equation for F (R), where the variable is the scalar curvature R. Instead of g, if
G(N) ≡ g (N)2 = H2 is used, the expression (III.141) can be simplified as:
0 = −9G (N (R)) (4G′ (N (R)) +G′′ (N (R))) d
2F (R)
dR2
+
(
3G (N (R)) +
3
2
G′ (N (R))
)
dF (R)
dR
−F (R)
2
+ κ2
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)N(R) . (III.142)
Note that R = 3G′(N) + 12G(N). Thus, when we find an F (R) that satisfies the differential equation (III.141) or
(III.142), and such F (R) theory yields a solution (III.140). Thus, such reconstructed F (R) gravity realizes the above
cosmological solution. It is interesting that the above scheme may be applied not only to general relativity but also
to modified gravity (partial reconstruction). In other words, one can start from modified gravity which consistently
describes the entire sequence of the universe evolution eras and satisfies local tests; however, some of its predictions
seem to contradict the observational data. In this case, one can apply the partial reconstruction of such a model (for
instance, slightly modifying it at the very early universe) so that the above contradiction is resolved but all good
properties of the theory are preserved. This provides a way to avoid any future exclusion of a non-realistic modified
gravity to arrive at more narrow and more realistic sub-class of such theories.
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4. Stability of the cosmological solution
In this section, we investigate the condition of the stability of the given cosmological solution. The FRW equation
(II.7) can be rewritten by using G = H2 and the e-folding N as follows (III.142):
0 = −9G(N) (4G′(N) +G′′(N)) d
2F (R)
dR2
∣∣∣∣
R=3G′(N)+12G(N)
+
(
3G(N) +
3
2
G′(N)
)
dF (R)
dR
∣∣∣∣
R=3G′(N)+12G(N)
− F (R)
2
∣∣∣∣
R=3G′(N)+12G(N)
+ κ2ρmatter (N) . (III.143)
Assume that the N -dependence of ρmatter is known as in (III.139). Let a solution of (III.143) be G = G0(N), and
consider the perturbation from the following solution:
G(N) = G0(N) + δG(N) . (III.144)
Then, Eq. (III.143) gives
0 = G0(N)
d2F (R)
dR2
∣∣∣∣
R=3G′0(N)+12G0(N)
δG′′(N) +
{
3G0(N) (4G
′
0(N) +G
′′
0(N))
d3F (R)
dR3
∣∣∣∣
R=3G′0(N)+12G0(N)
+
(
3G0(N)− 1
2
G′0(N)
)
d2F (R)
dR2
∣∣∣∣
R=3G′0(N)+12G0(N)
}
δG′(N)
+
{
12G0(N) (4G
′
0(N) +G
′′
0 (N))
d3F (R)
dR3
∣∣∣∣
R=3G′0(N)+12G0(N)
+(−4G0(N) + 2G′0(N) +G′′0(N))
d2F (R)
dR2
∣∣∣∣
R=3G′0(N)+12G0(N)
+
1
3
dF (R)
dR
∣∣∣∣
R=3G′0(N)+12G0(N)
}
δG .(III.145)
Note that in this formulation, as it is assumed that the N -dependence of ρmatter is known, we do not need to consider
the fluctuation of ρmatter. Using the cosmological time t instead of N , we need to include the fluctuation of ρmatter.
Then, the conditions of the stability are given by
6 (4G′0(N) +G
′′
0 (N))
d3F (R)
dR3
∣∣∣∣
R=3G′0(N)+12G0(N)
(
d2F (R)
dR2
∣∣∣∣
R=3G′0(N)+12G0(N)
)−1
+6− G
′
0(N)
G0(N)
> 0 , (III.146)
36 (4G′0(N) +G
′′
0 (N))
d3F (R)
dR3
∣∣∣∣
R=3G′0(N)+12G0(N)
(
d2F (R)
dR2
∣∣∣∣
R=3G′0(N)+12G0(N)
)−1
− 12 + 6G
′
0(N)
G0(N)
+
3G′′0(N)
G0(N)
+
1
G0(N)
dF (R)
dR
∣∣∣∣
R=3G′0(N)+12G0(N)
(
d2F (R)
dR2
∣∣∣∣
R=3G′0(N)+12G0(N)
)−1
> 0 . (III.147)
In the case of de Sitter space, where H and, therefore, G0 and R = R0 ≡ 12G0 are constants, Eq. (III.146) gives 6 > 0
and is trivially satisfied. Eq. (III.147) becomes
− 12G0 + dF (R)
dR
∣∣∣∣
R=12G0
(
d2F (R)
dR2
∣∣∣∣
R=12G0
)−1
= −R0 + dF (R)
dR
∣∣∣∣
R=R0
(
d2F (R)
dR2
∣∣∣∣
R=R0
)−1
> 0 , (III.148)
which is the standard result.
One may consider the case that F (R) gravity admits two de Sitter solutions. If one is stable but another is unstable,
there could be a solution in which the unstable de Sitter solution could transit to the stable solution. If the Hubble
rate H in the unstable solution is much larger than the Hubble rate in the stable one, the unstable solution may
correspond to the inflation and the stable one to the late-time acceleration. Note that we may directly construct an
F (R) theory that admits the transition from an asymptotic de Sitter universe with a large Hubble rate to another
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asymptotic de Sitter universe with a small Hubble rate. Then, if the solution and F (R) satisfy the conditions (III.146)
and (III.147), such a transition occurs.
Consider the stability of a de Sitter universe satisfying the condition (II.9), or equivalently (II.37). Eq. (II.9) can
be rewritten as
0 =
d
dR
(
F (R)
R2
)
. (III.149)
Let R = R0 be a solution of (III.149). Then, F (R) has the following form:
F (R)
R2
= f0 + f(R) (R−R0)n . (III.150)
Here, f0 is a constant, which should be positive if we require F (R) > 0 and n to be integers greater than or equal to
two: n ≥ 2. Assume that the function f(R) does not vanish at R = R0, f(R0) 6= 0. When n = 2,
−R0 + F
′(R0)
F ′′(R0)
= − f(R0)A0
f0 + f(A0)
. (III.151)
Then, Eq. (III.148) shows that the de Sitter solution is stable if
− f0 < f(A0) < 0 . (III.152)
When n ≥ 3, one finds
−R0 + F
′(R0)
F ′′(R0)
= 0 . (III.153)
It is necessary to conduct a more detailed investigation to check the stability. Using the expression of m2σ in (II.30),
one can investigate the sign of m2σ in the region R ∼ R0. Note that the expression (II.38) is not used because the
expression is only valid at the point R = R0. Thus, one gets
m2σ ∼ −
3n(n− 1)R20f(R0)
2f20
(R−R0)n−2 . (III.154)
Eq. (III.154) indicates that when n is an even integer, the de Sitter solution is stable if f(R0) < 0 but unstable if
f(R0) > 0. On the other hand, when n is an odd integer, the de Sitter solution is always unstable. Note, however,
that when f(R0) < 0 (f(R0) > 0), we find m
2
σ > 0
(
m2σ < 0
)
if R > R0 but m
2
σ < 0
(
m2σ > 0
)
if R < R0. Therefore,
when f(R0) < 0, R becomes smaller, but when f(R0) > 0, R becomes larger. The stability condition may be used to
obtain realistic (unstable) de Sitter inflation for specific F (R) gravity.
5. FRW cosmology in F (R) gravity with a Lagrange multiplier
Here, we consider F (R) gravity with a Lagrange multiplier field, following ref. [136]. In usual F (R) gravity, the scalar
mode called scalaron appears, which often affects Newton’s law. In this section, we try to suppress the propagation
of the scalaron by imposing the constraint under the Lagrange multiplier field. As a result, however, a propagating
mode in the Lagrange multiplier field seems to appear, which may break Newton’s law but in an easier way. The
solution of this question may require additional modifications of the constraints. Another purpose of this section is
the reconstruction. In usual F (R) gravity, one needs to solve the complicated differential equation developed in the
previous sections to realize the reconstruction. It is shown that the reconstruction can be realized more easily in the
model with the Lagrange multiplier field.
The starting action is given by
S =
∫
d4x
√−g
{
F1(R)− λ
(
1
2
∂µR∂
µR+ F2(R)
)}
. (III.155)
Here, λ is the Lagrange multiplier field, which gives a constraint of
1
2
∂µR∂
µR+ F2(R) = 0 . (III.156)
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On the other hand, by the variation over the metric gµν , the equation of motion follows:
0 =
1
2
gµνF1(R) +
λ
2
∂µR∂νR+
(−Rµν +∇µ∇ν − gµν∇2) (F ′1(R)− λF ′2(R)−∇µ (λ∇µR)) . (III.157)
If the Ricci tensor is covariantly constant and the scalar curvature is a constant,
Rµν =
R0
4
gµν , R = R0 , (III.158)
Eqs. (III.156) and (III.157) reduce to
0 = F2(R0) , (III.159)
0 = F1(R0)− 1
2
R0 (F
′
1(R0)− λF ′2(R0)) . (III.160)
If Eq. (III.159) has a solution, Eq. (III.160) can be solved with respect to the Lagrange multiplier field:
λ =
−F1(R0) +R0F ′1(R0)
F ′2(R0)
. (III.161)
Then, if R0 is positive, the above solution describes de Sitter space-time, which may correspond to dark energy or
the inflationary epoch. The spatially flat FRW metric Eqs. (III.156) and (µ, ν) = (0, 0)-component of (III.157) have
the following form:
0 = −1
2
R˙2 + F2(R) , (III.162)
0 = −1
2
F1(R) + 18λ
(
H¨ + 4HH˙
)2
+
{
3
(
H˙ +H2
)
− 3H d
dt
}{
F ′1(R)− λF ′2(R) +
(
d
dt
+ 3H
)(
λ
dR
dt
)}
. (III.163)
When F2(R) > 0, Eq. (III.162) results in
t =
∫ R dR√
2F2(R)
, (III.164)
which can be solved with respect to R as a function of t R = FR(t). Because
R = 6
dH
dt
+ 12H2 , (III.165)
one can find the behavior of H = a˙a by solving the differential equation
6
dH
dt
+ 12H2 = FR(t) . (III.166)
Using the obtained solution for H = H(t) (and R = FR(t)), Eq. (III.163) becomes a differential equation of the
multiplier field λ, and the behavior of λ: λ = λ(t) follows. (Note that FRW cosmology in scalar theory with a
Lagrange multiplier constraint was studied in refs. [137]).
Conversely, when the behavior ofH(t) is known from the observational data, one may reconstruct F2(R) to reproduce
H(t) by using (III.162). H(t) gives the behavior of R as R = R(t), which can be solved with respect to t as t = t(R).
Using (III.162), the explicit form of F2(R) is found to be
F2(R) =
1
2
(
dR
dt
)2∣∣∣∣∣
t=t(R)
. (III.167)
Note that F1(R) can be an arbitrary function. Thus, the cosmological reconstruction of the model can be performed
more easily than that in the usual F (R) gravity.
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As an explicit example, one may consider
H(t) =
h0
t
, (III.168)
where h0 is a constant. Here,
R =
−6h0 + 12h20
t2
or t =
√
−6h0 + 12h20
R
. (III.169)
Therefore, we find
dR
dt
= −12
(−h0 + 2h20)
t3
= − 2R
3
2√
6 (−h0 + 2h20)
, (III.170)
which gives
F2(R) =
R3
12 (−h0 + 2h20)
. (III.171)
Another example is given by
R =
R−
2
(1− tanhωt) + R+
2
(1 + tanhωt) . (III.172)
Here, R± and ω are constants. When t→ ±∞, R→ ±R± and, therefore, the space-time becomes asymptotically de
Sitter. One may identify the epoch of t→ −∞ as inflation and t→ +∞ as late acceleration. Because
R˙ =
(R− −R+)ω
2 cosh2 ωt
=
(R− −R+)ω
2
(
1− (R− +R+ − 2R)
2
(R− −R+)2
)
, (III.173)
from Eq. (III.167), one gets
F2(R) =
(R− −R+)2 ω2
8
(
1− (R− +R+ − 2R)
2
(R− −R+)2
)2
, (III.174)
Thus, the unification of early-time inflation with dark energy epoch is possible also in Lagrange multiplier constrained
modified gravity.
Thus, the universe evolution only depends on the constraint equation (III.162) and not on F1(R). F1(R) can affect
the correction to Newton’s law. In convenient F1(R) cosmology, all of the dynamics are defined by the form of this
function. With the constraint (III.162), F1(R) becomes irrelevant. The cosmological dynamics are defined by the
form of F2(R). In convenient F (R) gravity, the scalar propagating mode appears, which often violates Newton’s law.
One can show that such a scalar does not propagate in the theory under investigation. Indeed, Eq. (III.157) contains
the second derivative of the multiplier field λ. We now need to solve the second-order differential equation to find λ,
which can indicate that λ could propagate and that a correction to Newton’s law can be found. The magnitude of
the correction depends on the choice of F1(R) and/or F2(R).
To investigate the regime of Newton’s law, F1(R) is chosen as
F1(R) =
R
2κ2
. (III.175)
The matter presence is assumed. Eq. (III.157) has the following form:
0 =
1
2κ2
(
1
2
gµνR−Rµν
)
+
1
2
Tµν −
(−Rµν +∇µ∇ν − gµν∇2) (λF ′2(R)−∇µ (λ∇µR)) . (III.176)
For the solution with λ = 0, Eq. (III.157) reduces to the Einstein equation,
0 =
1
κ2
(
1
2
gµνR−Rµν
)
+ Tµν . (III.177)
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Here, Tµν is the matter energy-momentum tensor. Without matter Tµν = 0, the Schwarzschild space-time with
R = Rµν = 0 is a solution, which also satisfies the constraint equation (III.156) if F2(0) = 0. In the case with matter
Tµν 6= 0, however, the Einstein equation (III.177) gives
R = −κ2T . (III.178)
Here, T is the trace of the energy-momentum tensor. The constraint equation (III.156) is rewritten to
0 =
κ4
2
∂µT∂
µT + F2
(−κ2T ) , (III.179)
which is not always satisfied. Thus, in the presence of matter, the constraint equation (III.156) should be modified
to be
0 =
1
2
∂µR∂
µR+ F2(R)− κ
4
2
∂µT∂
µT − F2
(−κ2T ) . (III.180)
This indicates that the total constrained action with matter should be, instead of (III.155),
S =
∫
d4x
√−g
[
R
2κ2
− λ
{
1
2
∂µR∂
µR+ F2(R)− κ
4
2
∂µT∂
µT − F2
(−κ2T )}+ Lmatter
]
. (III.181)
In this case, Newton’s law can be easily reproduced. Of course, some other form of the constraint may also solve this
problem.
We also note that the form of the constraint could be correct when F1(R) is given by (III.175). For general form
of F1(R), the constraint should be changed.
Because T vanishes in the vacuum, the constraint (III.180) reduces to
0 =
1
2
∂µR∂
µR+ F2(R)− F2 (0) . (III.182)
If F2 (0) = 0, the constraint (III.180) gives (III.156) and (III.162) and the cosmological evolution can be generated.
Note that F2 (R) (III.171) satisfies the condition F2 (0) = 0 but F2 (R) in (III.151) does not. When the condition
F2 (0) = 0 is satisfied, there are two classes of solutions for the constraint (III.162). One is a trivial solution R = 0,
and another corresponds to the non-trivial cosmological evolution given by (III.164). Near solar systems and galaxies,
the solution could correspond to the trivial one with R = 0 to reproduce Newton’s law, but at large scales, the solution
should correspond to (III.164), so that the evolution of the universe can be generated. It is not so trivial to prove
or to deny that the two solutions are connected in the intermediate region between the galaxy scales and large-scale
universe. More careful (possibly numerical) analysis should be done in order to solve this problem.
D. F (G) gravity
The cosmological reconstruction scheme developed above can be applied to an arbitrary modified gravity. As one
more example of its application, we discuss the reconstruction in modified Gauss-Bonnet gravity. The action (II.123)
can be rewritten by using the auxiliary scalar field φ:
S =
∫
d4x
√−g
[
R
2κ2
− V (φ)− ξ(φ)G
]
. (III.183)
By the variation over the scalar field φ, an algebraic equation is obtained:
0 = V ′(φ) + ξ′(φ)G . (III.184)
It can be solved, at least locally, with respect to φ as φ = φ(G). Inserting the obtained expression of φ(G) into the
action (III.183), we find the action (II.123):
S =
∫
d4x
√−g
[
R
2κ2
+ f(G)
]
. (III.185)
Here,
f(G) ≡ −V (φ(G)) + ξ (φ(G))G . (III.186)
71
In the following, we use the results obtained in refs. [52–54] and consider the reconstruction of scalar-F (G) gravity.
By the variation over the metric in the FRW universe (II.6), one obtains the following equations:
0 = − 3
κ2
H2 + V (φ) + 24H3
dξ(φ(t))
dt
,
0 =
1
κ2
(
2H˙ + 3H2
)
− V (φ) − 8H2d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
− 16H3dξ(φ(t))
dt
. (III.187)
Using (III.187), it follows that
ξ(φ(t)) =
1
8
∫ t
dt1
a(t1)
H(t1)2
W (t1) ,
V (φ(t)) =
3
κ2
H(t)2 − 3a(t)H(t)W (t) , W (t) ≡ 2
κ2
∫ t dt1
a(t1)
H˙(t1) . (III.188)
Because there is no kinetic term of φ, one can redefine φ properly and even identify φ with the cosmological time:
φ = t. In the same way as in the previous section, if we consider the following V (φ) and ξ given in term of a single
function g,
V (φ) =
3
κ2
g′ (φ)2 − 3g′ (φ) eg(φ)U(φ) ,
ξ(φ) =
1
8
∫ φ
dφ1
eg(φ1)
g′(φ1)2
U(φ1) , U(φ) ≡ 2
κ2
∫ φ
dφ1e
−g(φ1)g′′ (φ1) , (III.189)
the explicit solution follows:
a = a0e
g(t) (H = g′(t)) . (III.190)
In terms of e-folding N
ξ(φ(N)) =
1
8
∫ N
dN1
eN1
H(N1)3
W˜ (N1) ,
V (φ(N)) =
3
κ2
H(N)2 − 3eNH(N)W˜ (N) , W˜ (N) ≡ 2
κ2
∫ N dN1
eN1
H˙(N1) . (III.191)
Now we identify φ with the e-folding N : φ = N instead of φ = t. Then, if V (φ) and ξ are given by
V (φ) =
3
κ2
h (φ)
2 − 3h (φ) eφU˜(φ) ,
ξ(φ) =
1
8
∫ φ
dφ1
eφ1
h(φ1)3
U˜(φ1) , U(φ) ≡ 2
κ2
∫ φ
dφ1e
−φ1h′ (φ1) , (III.192)
we obtain the solution H = h(N). This general scheme may now be applied to explicitly reconstruct the modified
Gauss-Bonnet gravity by realizing any given FRW metric with a particular scale factor.
E. Scalar-Einstein-Gauss-Bonnet gravity
In the same way as above, let us reconstruct string-inspired scalar-Einstein-Gauss-Bonnet gravity in II C. The
reconstructed theory realizes the solution with the arbitrary Hubble rate H . Combining (II.173) and (II.174) and
deleting V (φ), we obtain
0 =
2
κ2
H˙ + φ˙2 − 8H2 d
2ξ(φ(t))
dt2
− 16HH˙ dξ(φ(t))
dt
+ 8H3
dξ(φ(t))
dt
=
2
κ2
H˙ + φ˙2 − 8a d
dt
(
H2
a
dξ(φ(t))
dt
)
. (III.193)
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The following expressions of ξ (φ(t)) and V (φ(t)) may be obtained:
ξ(φ(t)) =
1
8
∫ t
dt1
a(t1)
H(t1)2
∫ t1 dt2
a(t2)
(
2
κ2
H˙(t2) + φ˙(t2)
2
)
,
V (φ(t)) =
3
κ2
H(t)2 − 1
2
φ˙(t)
2 − 3a(t)H(t)
∫ t dt1
a(t1)
(
2
κ2
H˙(t1) + φ˙(t1)
2
)
. (III.194)
Therefore, for the model where V (φ) and ξ(φ) are given by adequate functions g(t) and f(φ) as follows,
V (φ) =
3
κ2
g′ (f(φ))2 − 1
2f ′(φ)2
− 3g′ (f(φ)) eg(f(φ))
∫ φ
dφ1f
′(φ1)e−g(f(φ1))
(
2
κ2
g′′ (f(φ1)) +
1
f ′(φ1)2
)
,
ξ(φ) =
1
8
∫ φ
dφ1
f ′(φ1)eg(f(φ1))
g′(φ1)2
∫ φ1
dφ2f
′(φ2)e−g(f(φ2))
(
2
κ2
g′′ (f(φ2)) +
1
f ′(φ2)2
)
, (III.195)
the solution of (II.173) and (II.174) is given by
φ = f−1(t) (t = f(φ)) , a = a0eg(t) (H = g′(t)) . (III.196)
Similarly, the reconstruction of the model in terms of N , instead of the cosmological time t may be presented. Using
the same steps that led to Eq.(III.194), we find
ξ(φ(N)) =
1
8
∫ N
dN1
eN1
H(N1)3
∫ N1 dN2
eN2
(
2
κ2
H ′(N2) +H(N2)φ′(N2)
2
)
,
V (φ(N)) =
3
κ2
H(N)2 − 1
2
H(N)2φ′(N)2 − 3eNH(N)
∫ N dN1
eN1
(
2
κ2
H ′(N1) +H(N1)φ′(N1)2
)
. (III.197)
In terms of functions h(φ) and f˜(φ), if V (φ) and ξ(φ) are given by
V (φ) =
3
κ2
h
(
f˜(φ)
)2
−
h
(
f˜ (φ)
)2
2f˜ ′(φ)2
− 3h
(
f˜(φ)
)
ef˜(φ)
∫ φ
dφ1f˜
′(φ1)e−f˜(φ1)

 2
κ2
h′
(
f˜(φ1)
)
+
h′
(
f˜ (φ1)
)
f ′(φ1)2

 ,
ξ(φ) =
1
8
∫ φ
dφ1
f˜ ′(φ1)ef˜(φ1)
h
(
f˜ (φ1)
)3
∫ φ1
dφ2f
′(φ2)e−f˜(φ2)

 2
κ2
h′
(
f˜(φ2)
)
+
h
(
f˜(φ2)
)
f˜ ′(φ2)2

 , (III.198)
one obtain the following solution:
φ = f˜−1(N)
(
N = f˜(φ)
)
, H = h(N) . (III.199)
This may now be applied to obtain an explicit reconstruction of scalar-Gauss-Bonnet gravity, which admits any given
FRW cosmology as a solution.
F. F (R) Horˇava-Lifshitz gravity
In this section, we consider the reconstruction of F (R) Horˇava-Lifshitz gravity. It is based on the results of ref. [79].
To start, let us analyze the simple model F (R˜) = R˜, of which the cosmology was studied in [90–112]. In such a
case, the FRW equations are similar to those of general relativity,
H2 =
κ2
3(3λ− 1)ρmatter , H˙ = −
κ2
2(3λ− 1)(ρmatter + pmatter) , (III.200)
where, for λ → 1, the standard FRW equations are recovered. Note that the constant µ is now irrelevant because,
as pointed out above, the term in front of µ in (II.274) becomes a total derivative. For such a theory, one has
to introduce a dark energy source as well as an inflaton field, to reproduce the cosmic and inflationary accelerated
epochs, respectively. It is also important to note that, for this case, the coupling constant is restricted to be λ > 1/3;
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otherwise, Eqs. (III.200) become inconsistent. It seems reasonable to think that, for the current epoch, where R˜ has a
small value, the IR limit of the theory is satisfied by λ ∼ 1, but for the inflationary epoch, when the scalar curvature R˜
goes to infinity, λ will take a different value. It has been realized that for λ = 1/3, the theory develops an anisotropic
Weyl invariance (see [84]), and thus it takes a special role, although for the present model this value is not allowed.
We now discuss some cosmological solutions of F (R˜) Horˇava-Lifshitz gravity. The first FRW equation, given by
(II.278) with C = 0, can be rewritten as a function of the number of e-foldings N = ln aa0 instead of the usual
time t. Here, we extend the reconstruction formalism to the Horˇava-Lifshitz F (R) gravity. Because ddt = H
d
dN and
d2
dN2 = H
2 d2
dN2 +H
dH
dN
d
dN , the first FRW equation (II.278) is rewritten as
0 = F (R˜)− 6 [(1− 3λ+ 3µ)H2 + µHH ′] dF (R˜)
dR˜
+36µH2
[
(1− 3λ+ 6µ)HH ′ + µH ′2 + µH ′′H] d2F (R˜)
d2R˜
−κ2ρmatter ,
(III.201)
where the primes denote derivatives with respect to N . Thus, in this case, there is no restriction on the values of λ or
µ. By using the energy conservation equation and assuming a perfect fluid with an EoS of pmatter = wmatterρmatter,
the energy density yields
ρmatter = ρ0a
−3(1+wmatter) = ρ0a
−3(1+wmatter)
0 e
−3(1+wmatter)N . (III.202)
As the Hubble parameter can be written as a function of the number of e-foldings, H = H(N), the scalar curvature
in (II.274) takes the form
R˜ = 3(1− 3λ+ 6µ)H2 + 6µHH ′ , (III.203)
which can be solved with respect to N as N = N(R˜), and one obtains an expression (III.201) that gives an equation
of F (R˜) with the variable R˜. This can be simplified by writing G(N) = H2 instead of the Hubble parameter. In such
a case, the differential equation (III.201) yields
0 = F (R˜)− 6
[
(1− 3λ+ 3µ)G+ µ
2
G′
] dF (R˜)
dR˜
+ 18µ [(1− 3λ+ 6µ)GG′ + µGG′′] d
2F (R˜)
d2R˜
− κ2ρ0a−3(1+w)0 e−3(1+w)N ,
(III.204)
and the scalar curvature is now written as R˜ = 3(1 − 3λ + 6µ)G + 3µG′. Thus, for a given cosmological solution
H2 = G(N), one can resolve Eq. (III.204), and the F (R˜) that reproduces such solution is obtained.
As an example, we consider the Hubble parameter that reproduces the ΛCDM epoch. It is expressed as
H2 = G(N) = H20 +
κ2
3
ρ0a
−3 = H20 +
κ2
3
ρ0a
−3
0 e
−3N , (III.205)
where H0 and ρ0 are constant. In general relativity, the terms on the r.h.s. of Eq. (III.205) correspond to an effective
cosmological constant Λ = 3H20 and to cold dark matter with an EoS parameter of w = 0. The corresponding F (R˜)
can be reconstructed by following the same steps as described above. Using the expression for the scalar curvature
R˜ = 3(1− 3λ+ 6µ)G+ 3µG′, the relation between R˜ and N is obtained,
e−3N =
R˜− 3(1− 3λ+ 6µ)H20
3k(1 + 3(µ− λ)) , (III.206)
where k = κ
2
3 ρ0a
−3
0 . Then, substituting (III.205) and (III.206) into Eq. (III.204), one obtains the differential expression
0 = (1 − 3λ+ 3µ)F (R˜)− 2
(
1− 3λ+ 3
2
µ
)
R˜+ 9µ(1− 3λ)H20
dF (R˜)
dR˜
−6µ(R˜− 9µH20 )(R˜ − 3H20 (1− 3λ+ 6µ))
d2F (R˜)
d2R˜
−R − 3(1− 3λ+ 6µ)H20 , (III.207)
where, for simplicity, we have considered a pressureless fluid w = 0 in Eq. (III.204). Performing the change of variable
x =
R˜−9µH20
3H20 (1+3(µ−λ))
, the homogeneous part of Eq. (III.207) can be easily identified as a hypergeometric differential
equation
0 = x(1 − x)d
2F
dx2
+ (γ − (α+ β + 1)x) dF
dx
− αβF , (III.208)
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with the set of parameters (α, β, γ) being given by
γ = −1
2
, α+ β =
1− 3λ− 32µ
3µ
, αβ = −1 + 3(µ− λ)
6µ
. (III.209)
The complete solution of Eq. (III.208) is a Gauss hypergeometric function plus a linear term and a cosmological
constant from the particular solution of Eq. (III.207), namely
F (R˜) = C1F (α, β, γ;x) + C2x
1−γF (α − γ + 1, β − γ + 1, 2− γ;x) + 1
κ1
R˜− 2Λ , (III.210)
where C1 and C2 are constants, κ1 = 3λ − 1 and Λ = − 3H
2
0(1−3λ+9µ)
2(1−3λ+3µ) . Note that for the metric (III.205), the
convenient F (R) gravity was reconstructed and studied in refs. [18, 120, 121, 138, 139]. In this case, the solution
(III.210) behaves similarly to the convenient F (R) theory, except that now the parameters of the theory depend on
(λ, µ), which are allowed to vary, as was noted above. Thus, the cosmic evolution described by the Hubble parameter
(III.205) is reproduced by this class of theories.
One can also explore the solution (III.205) for a particular choice of the parameters µ = λ − 13 , which plays a
special role in the cosmological expansion as is shown below. In this case, the scalar R˜ turns out to be a constant,
and Eq. (III.207), in the presence of a pressureless fluid, has the solution
F (R˜) =
1
κ1
R˜− 2Λ , with Λ = 3
2
(3λ− 1)H20 . (III.211)
Thus, for this constraint on the parameters, the only consistent solution reduces to the Horˇava linear theory with a
cosmological constant.
As a further example, we consider the phantom (super)accelerating expansion. Such a system can be easily expressed
in general relativity, where the FRW equation reads as H2 = κ
2
3 ρph. Here, the subscript “ph” denotes the phantom
nature of the fluid, which has an EoS given by pph = wphρph with wph < −1. By using the energy conservation
equation, the solution for the Hubble parameter turns out to be
H(t) =
H0
ts − t , (III.212)
where H0 = −1/3(1 + wph), and ts is the Rip time. As in the above example, one can rewrite the Hubble parameter
as a function of the number of e-foldings; this yields
G(N) = H2(N) = H20e
2N/H0 . (III.213)
Then, by using the expression of the scalar curvature, the relation between R˜ and N is given by
e2N/H0 =
R
H0(AH0 + 6µ)
. (III.214)
By inserting (III.213) and (III.214) into the differential equation (III.204), we get (without matter)
R˜2
d2F (R˜)
dR˜2
+ k1R˜
dF (R˜)
dR˜
+ k0F (R˜) = 0 , (III.215)
where
k1 = − (AH0 + 6µ)((AH0 + 3µ))
6µ(AH0 + 12µ)
, k0 =
(AH0 + 6µ)
2
12µ(AH0 + 12µ)
. (III.216)
Eq. (III.215) is an Euler equation, whose solution is well-known
F (R) = C1R
m+ + C2R
m− , where m± =
1− k1 ±
√
(k1 − 1)2 − 4k0
2
. (III.217)
Such a theory belongs to the class of models with positive and negative powers of the curvature introduced in ref. [2] as
is discussed in the second chapter. Thus, an F (R˜) Horˇava-Lifshitz gravity has been reconstructed that reproduces the
phantom dark epoch with no need of any exotic fluid. In the same way, any given cosmology may be reconstructed,
including the unified inflation within dark energy era.
75
G. Non-minimal Yang-Mills theory
We now develop a reconstruction scheme of the Yang-Mills theory by starting with the following action
S =
∫
dx4
√−g
[
R
2κ2
+ F (F aµνF aµν)
]
, (III.218)
where F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµAcν , and F may be assumed to be a continuously differentiable function.
Here, we review the reconstruction of the model(III.218) based on ref. [140].
We concentrate here on the SU(2) case where fabc = ǫabc. Because
δ
(
F aµνF
aµν
)
δAhβ
= −4ǫhbcAbγF c γβ , (III.219)
δ
(
F aµνF
aµν
)
δ
(
∂αAhβ
) = 4Fhαβ , (III.220)
the equation of motion for the field potential Aaµ turns into
∂ν
[
δS
δ
(
∂νAaµ
)
]
− δS
δAaµ
= 0 , (III.221)
and, from here,
∂ν
[√−gF ′ (F aαβF aαβ) F a νµ]+√−gF ′ (F aαβF aαβ) ǫabcAbνF c νµ = 0 . (III.222)
The variation of (III.218) with respect to gµν yields the following equation of motion
1
2κ2
(
Rµν − 1
2
gµνR
)
− 1
2
gµνF
(
F aαβF
a αβ
)
+ 2F ′ (F aαβF aαβ) F aµρF a ρν = 0 , (III.223)
where the following relation is used
δ(FaρσFa ρσ)
δgµν = 2F ′
(
F aαβF
a αβ
)
F aµγF
a γ
ν . Considering now a FRW universe (II.6),
and the following Ansatz for the gauge field,
Aaµ =
{
α¯eλ(t)δaµ, µ = i,
0, µ = 0,
(III.224)
the µ = 0 component of (III.221) becomes an identity, the µ = i component yields
∂t
[
a(t)F ′ (F aαβF aαβ) λ˙(t) eλ(t)]+ 2α¯2a(t) F ′ (F aαβF a αβ) e3λ(t) = 0 , (III.225)
and the (t, t) component of (III.223) is
3H2(t)
2κ2
+
1
2
F (F aαβF aαβ)+ 2α¯2 F ′ (F aαβF aαβ) λ˙2(t)e2λ(t)a2(t) = 0 , (III.226)
and the (i, i) component of (III.223) reduces to
1
2κ2
[
2H˙(t) + 3H2(t)
]
− 1
2
F (F aαβF aαβ)− 2α¯2 e2λ(t)a2(t)F ′ (F aαβF aαβ)
[
λ˙2(t)− 2α¯2 e
2λ(t)
a2(t)
]
= 0 . (III.227)
Adding (III.226) to (III.227), one arrives at
a4(t)H˙(t)− 4κ2α¯4 F ′ (F aαβF aαβ) e4λ(t) = 0 , (III.228)
and then
F ′ (F aαβF aαβ) = a4(t) H˙(t)4κ2α¯4 e−4λ(t) . (III.229)
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Using (III.229), Eq. (III.225) reduces to:
2α¯2H˙(t) e2λ(t) +
[
5a(t) a˙(t) H˙(t) + a2(t) H¨(t)
]
λ˙(t) − 3a2(t)H˙(t)λ˙2(t) + a2(t)H˙(t)λ¨(t) = 0 , (III.230)
which constitutes a differential equation for λ(t). Thus, by using Eq. (III.224), once we have the function λ(t), given
by (III.230), we can obtain the corresponding Yang-Mills theory that reproduces the selected cosmology. The Ansatz
considered above actually leads to a mathematical solution of the problem.
As an example, we consider the case of a power-law expansion: a(t) =
(
t
t1
)h1
, where t1 and h1 are constant, and
assuming λ(t) = (h1 − 1) ln
(
t
t1
)
+ λ1, where λ1 is again a constant, Eq. (III.230) reduces to the following algebraic
equation
h1(h1 − 1) + α¯2t21 e2λ1 = 0 , (III.231)
thus,
λ1 =
1
2
ln
(
h1(1− h1)
α¯2t21
)
, (III.232)
and
λ(t) = (h1 − 1) ln
(
t
t1
)
+
1
2
ln
(
h1(1− h1)
α¯2t21
)
. (III.233)
With the help of this reconstruction scheme, the function λ(t) given by (III.233) is obtained. Using (III.224), one is
able to reproduce the cosmology given by the power-law expansion: a(t) =
(
t
t1
)h1
.
In summary, a cosmological reconstruction scheme was developed in the current chapter. It was presented in a very
general form and was applied to a number of modified gravities introduced in the second chapter. Several examples
of important cosmological epochs are considered. The cosmological reconstruction of modified gravities that realize
such epochs as solutions was successfully made. Despite the fact that we limited ourselves to only a spatially flat
FRW universe, this scheme may be easily used for the generation of other background solutions, i.e., an anisotropic
universe, black holes, wormholes, etc.
IV. FINITE-TIME FUTURE SINGULARITIES IN MODIFIED GRAVITY
This chapter is devoted to the study of finite-time future singularities, which often occur in the current dark
energy models. It is demonstrated that this is a quite general phenomenon; the effective phantom and some effective
quintessence dark energy models including fluid, scalar, and modified models may show such behavior in the finite
future. We start from a simple dark fluid universe and demonstrate that coupling with dark matter cannot cure such
future singularities. The introduction of a specific form of modified gravity may naturally solve the problem of future
singularities. The occurrence of singularities in modified gravity is considered in detail, as is the possible avoidance
of the singularities via the addition of extra gravitational terms.
A. Future singularities in a dark, fluid universe: dark matter versus modified gravity
Let us reiterate several simple facts about coupled phantom dark energy. First, we assume that the energy density
ρDE and the pressure pDE of the dark matter satisfy the standard conservation law (II.144). Let the EoS parameter
wDE: wDE = pDE/ρDE < −1. The phantom dark energy solution of the FRW equation (II.3) (after replacing pmatter
and ρmatter with pDE and ρDE, respectively) is given by
H =
2
3(1+wDE)
ts − t , (IV.1)
with the famous Big Rip singularity, at t = ts.
Following ref. [47], the model where phantom dark energy couples with dark matter is considered. Then, the
conservation law is modified as
ρ˙DE + 3H (1 + wDE) ρDE = −QρDE , ρ˙DM + 3HρDM = QρDE . (IV.2)
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Here, Q is assumed to be a constant. The first equation can be solved as
ρDE = ρDE(0)a
−3(1+wDE)e−Qt . (IV.3)
Here, ρDE(0) is a constant of the integration. The second equation (IV.2) gives
ρDM = Qa(t)
−3
∫ t
dt′ρDE(0)a
−3wDEe−Qt . (IV.4)
Thus, the second FRW equation is
− 1
κ2
(
2H˙ + 3H2
)
= pDE = wDEρDE = wρDE(0)a
−3(1+wDE)e−Qt . (IV.5)
An exact solution of (IV.5) is the de Sitter space
a(t) = a0e
− Q
3(1+wDE)
t
(
H = − Q
3 (1 + wDE)
)
, (IV.6)
where a0 is given by
− 3
κ2
(
Q
3 (1 + wDE)
)2
= wρDE(0)a
−3(1+wDE)
0 . (IV.7)
Note that because we are considering the phantom dark energy with wDE < −1, H (IV.6) is positive and Eq. (IV.7)
has a real solution.
Thus, the coupling of the dark matter with the phantom dark energy may give the de Sitter solution instead of
the Big Rip solution (IV.1). This does not always mean that the Big Rip singularity can be avoided, but it opens a
possibility that the universe could evolve into a de Sitter universe instead of the Big Rip.
Let us show that the above construction may help to solve the coincidence problem. One may identify the Hubble
rate H with the present value of the Hubble rate H = − Q3(1+wDE) = H0 ∼ 10−33 eV. Eq. (IV.3) shows that the dark
energy density is a constant
ρDE = ρDE(0)a
−3(1+wDE)
0 . (IV.8)
Eq. (IV.4) can be integrated as
ρDM = ρDM0a
−3 − (1 + wDE) ρDE(0)a−3(1+wDE)0 . (IV.9)
Here, ρDM0 is a constant of integration, but the first FRW equation
3
κ2
H2 = ρDM + ρDE , (IV.10)
shows ρDM0 = 0 and, therefore, the dark matter density ρDM is also constant:
ρDM = − (1 + wDE) ρDE(0)a−3(1+wDE)0 = − (1 + wDE) ρDE . (IV.11)
Then, if the de Sitter solution (IV.6) is an attractor, by choosing
− (1 + wDE) ∼ 1
3
, i.e. wDE ∼ −4
3
, (IV.12)
the coincidence problem could be solved. That is, even starting with a wide range of initial conditions, the solution
approaches the de Sitter solution, in which the ratio of the dark energy and the dark matter is approximately 1/3
and is almost independent of the initial condition.
To check whether or not the de Sitter solution (IV.6) is an attractor, the following perturbation is considered
a = a0e
− Q
3(1+wDE)
t+∆(t)
. (IV.13)
Here, ∆(t) is assumed to be small. The second FRW equation (IV.5) gives
− 1
κ2
(
2∆¨− 2Q
(1 + wDE)
∆˙
)
= −3 (1 + wDE)wρDE(0)a−3(1+wDE)0 ∆ =
3 (1 + wDE)
κ2
(
Q
3 (1 + wDE)
)2
∆ , (IV.14)
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which is a very simple linear differential equation with a constant coefficient. Here, Eq. (IV.7) is used. Assuming
∆ = eλt, it follows that
0 = λ2 − Q
1 + wDE
λ+ 3 (1 + wDE)
(
Q
3 (1 + wDE)
)2
, (IV.15)
that is,
λ = λ± ≡ Q
2 (1 + wDE)
± 1
2
{(
Q
1 + wDE
)2
− 4 (1 + wDE)
3
(
Q
(1 + wDE)
)2} 12
. (IV.16)
Then, λ− < 0 but λ+ > 0 and, therefore, de Sitter solution (IV.6) is not stable. Because λ− < 0, however, the
solution is saddle point and, therefore, with the appropriate initial condition, there is a solution that approaches the
saddle point de Sitter solution (IV.6). Although we need to study the global structure of the space of the solutions,
such an initial condition could correspond to the direction toward λ−. Thus, generally speaking, the coupling of the
dark energy with dark matter does not prohibit the existence of the (Big Rip) singular solution. If the singularity
corresponds to the stable solution, because the de Sitter space is not completely stable, the solution will finally evolve
into the singular solution. Thus, the appropriate choice of initial conditions may help to realize the non-singular de
Sitter cosmology, which also solves the coincidence problem. At least, one may expect that the future singularity
would occur at more later times compared with the case in which the dark matter does not couple with dark energy.
Let us consider the simple example of a perfect fluid with the following EoS [141]:
p = −ρ+Aρα , (IV.17)
with a constant A and α. The EoS (IV.17) is a special case of (II.339). In the spatially flat FRW space-time (II.6),
the Hubble rate is found to be
H =


3
2A
t , when α = 1 , A > 0
− 32A
ts−t , when α = 1 , A < 0
Be−
√
3κAt
2 , when α = 12 , A < 0
Ct1/(1−2α)
or C˜ (ts − t)1/(1−2α) when α 6= 1,
1
2
(IV.18)
Here, B, C, and C˜ are positive constants. Now, one can describe the future, finite-time singularities of the universe
filled with the above dark fluid for different choices of theory parameters (see ref. [122]). When α < 0, a Type II
or sudden future singularity occurs. When 0 < α < 1/2 and 1/(1 − 2α) is not an integer, a Type IV singularity
occurs. When α = 0, there is no singularity. When 1/2 < α < 1 or α = 1 and A < 0, a Type I or Big Rip-type
singularity occurs (see also the last section of the second chapter). When α > 1, a Type III singularity occurs (for
the classification of all four types of future singularities, see [34]).
In the case of a Type II singularity, where α < 0, H vanishes as H ∼ (ts − t)1/(1−2α) when t→ ts and, therefore, ρ
vanishes as follows from the FRW equation. Then, near the singularity, the EoS (II.339) is reduced to
p ∼ Aρα . (IV.19)
On the other hand, in the case of a Type I singularity, where 1/2 < α < 1 or α = 1 and A < 0, H and, therefore, ρ
diverge when t→ ts. Then, the EoS (II.339) reduces to
p ∼ −ρ or p ∼ −(1−A)ρ . (IV.20)
In the case of a Type III singularity, where α > 1, H and ρ diverge when t → ts and, therefore, the EoS (II.339)
reduces to
p ∼ Aρα . (IV.21)
Let us now consider the dark energy (IV.17) coupled with the dark matter as in (IV.2). The conservation law is
given by
ρ˙DE + 3HAρ
α
DE = −QρDE , ρ˙DM + 3HρDM = QρDE . (IV.22)
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The solution of (IV.22) is
ρDE(t) = e
−Qt
(
−3A (1− α)
∫ t
dt′H(t′)e(1−α)Qt
′
) 1
1−α
, ρDM = Qa(t)
−3
∫ t
dt′a(t′)3ρDE(t′) . (IV.23)
If A < 0 (and Q > 0), there is a de Sitter solution H = H0 with a constant H0
3
κ2
H20 =
(
1 +
Q
3H0
)(
−3AH0
Q
) 1
1−α
, (IV.24)
and ρDE and ρDM are constants
ρDE =
(
−3AH0
Q
) 1
1−α
, ρDM =
Q
3H0
(
−3AH0
Q
) 1
1−α
. (IV.25)
This demonstrates that if H0 ∼ Q, we find ρDM/ρDE ∼ 1/3, and the coincidence problem may be solved. If H0 = Q,
Eq. (IV.24) determines the value of A:
A = −1
3
(
9
4κ2
H20
)1−α
. (IV.26)
One can now investigate the (in)stability of the de Sitter solution H = H0 by putting H = H0 + δH . The
perturbation of the energy density is
δρDE = −3A
(
−3AH0
Q
) α
1−α
e−(1−α)Qt
∫ t
dt′δH(t′)e(1−α)Qt
′
. (IV.27)
The second FRW equation becomes
− 1
κ2
(
δH˙ + 6H0δH
)
e(1−α)Qt
′
= 3A
(
1 +
αQ
3H0
)(
−3AH0
Q
) α
1−α
∫ t
dt′δH(t′)e(1−α)Qt
′
. (IV.28)
By differentiating both sides of (IV.28), one gets
0 = δH¨ + {6H0 + (1− α)Q} δH˙ +
{
6H0 (1− α)Q+ 3Aκ2
(
1 +
αQ
3H0
)(
−3AH0
Q
) α
1−α
}
δH
= δH¨ + {6H0 + (1− α)Q} δH˙ + 3H0 (1− 2α)QδH . (IV.29)
In the second equality, Eq. (IV.24) is used. Assuming δH ∝ eλt, one gets
0 = λ2 + {6H0 + (1− α)Q}λ+ 3H0 (1− 2α)Q , (IV.30)
whose solution is given by
λ = λ± ≡ −6H0 + (1− α)Q
2
± 1
2
{
{6H0 + (1− α)Q}2 − 12H0 (1− 2α)Q
} 1
2
. (IV.31)
Because H0, Q > 0, if
α <
1
2
, (IV.32)
both λ± are real and negative if
D = (6H0 + (1− α)Q)2 − 12H0 (1− 2α)Q > 0 , (IV.33)
or complex, but the real part is negative if
D = (6H0 + (1− α)Q)2 − 12H0 (1− 2α)Q < 0 . (IV.34)
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Thus, as long as α < 12 (IV.32), the de Sitter solution is stable and, therefore, the singularity can be resolved. On the
other hand, if
6H0 + (1− α)Q > 0 , 3H0 (1− 2α)Q < 0 , (IV.35)
that is,
1 +
6H0
Q
> α >
1
2
, (IV.36)
we find λ+ > 0 and λ− < 0, as at the beginning of this section. If
6H0 + (1− α)Q < 0 , 3H0 (1− 2α)Q < 0 , (IV.37)
that is,
α > 1 +
6H0
Q
, (IV.38)
we find λ± > 0 and the de Sitter solution is completely unstable.
Thus, the Type II singularity, where α < 0, and the Type IV singularity, where 0 < α < 1/2 and 1/(1− 2α) is not
an integer, can be resolved by the coupling of the dark energy with the dark matter. As mentioned above, even with
a coupling of the dark matter with the dark energy, there could be a singular solution. The de Sitter solution with
α < 12 is, however, at least a local minimum. Then, if the universe started with an appropriate initial condition, the
universe would evolve into the de Sitter universe (asymptotically evolving into a de Sitter universe). A Type I (Big
Rip) singularity, where 1/2 < α < 1, and a Type III singularity, where α > 1, could not be removed by the coupling
of the dark matter with the dark energy. Even if a solution goes near the de Sitter point, the solution could evolve
into the singular solution if the singular solution is stable. Nevertheless, the ability to avoid some future singularities
due to the coupling of the dark energy with the dark matter looks quite promising.
Because the coupling of the dark energy with the dark matter does not always remove the singularity, we now
consider what kind of fluid could cure the future singularity. In the case of the Big Rip singularity, for example, the
energy density of the dark energy diverges like ρDE ∼ 1/ (ts − t)2 ∼ R when t → ts. Here, R is the scalar curvature.
Then, one becomes interested in a fluid with a positive pressure (and a positive energy density) that grows more
rapidly than the dark energy pressure. There is no such fluid with a constant EoS parameter. However, one can
consider a pressure that is proportional to a power of the curvature; for example,
pfluid ∝ R1+ǫ , (IV.39)
with ǫ > 0. Then, the total EoS parameter becomes greater than −1 for a large curvature, and the Big Rip does not
occur.
This kind of inhomogeneous effective fluid [118] could be realized by quantum effects (for instance, taking account
of conformal anomaly) or by modified gravity as was explained in the second chapter. As an example, we consider
F (R) gravity, where F (R) = R + f(R) behaves as f(R) ∝ Rm. In the case of m = 2, the power-law solution, like
the Big Rip singularity is prohibited. It can happen that the (asymptotic) de Sitter solution occurs, instead of the
power-law solution and, therefore, the singularity would be resolved. Therefore, the introduction of the special form
of f(R) (precisely, the R2 term) prevents the future singularity in the universal way. Note that as with other dark
energies, the modified gravity itself (see next section) may lead to all four possible future singularities, which may
again be resolved by the addition of the R2 term [37]. Thus, curing all future singularities of fluid dark energy may
be done via modifying the gravity. This seems to be quite a fundamental reason to start from modified gravity as a
gravitational alternative for dark energy.
B. Finite-time singularities in F (R) gravity
Let us show that F (R) gravity generates all four known types of finite-time singularities. Moreover, the resolution of
future singularities may be done again by adding the R2 term [37, 40]. This section is based on results of refs. [36, 39].
As the first example, we consider the case of the Big Rip singularity (IV.1). To find the F (R) gravity that generates
the Big Rip-type singularity, it is convenient to use the reconstruction scheme developed in subsection III C 1. Let
h0 ≡ 23(1+wDE) . In the case of (IV.1), the general solution of (III.105) when the matter contribution is neglected,
ρi0 = 0, is given by
P (φ) = P+ (ts − φ)α+ + P− (ts − φ)α− , α± ≡ −h0 + 1±
√
h20 − 10h0 + 1
2
, (IV.40)
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when h0 > 5 + 2
√
6 or h0 < 5− 2
√
6 and
P (φ) = (ts − φ)−(h0+1)/2
(
Aˆ cos
(
(ts − φ) ln −h
2
0 + 10h0 − 1
2
)
+ Bˆ sin
(
(ts − φ) ln −h
2
0 + 10h0 − 1
2
))
, (IV.41)
when 5 + 2
√
6 > h0 > 5− 2
√
6. One finds the form of F (R) when R is large as
F (R) ∝ R1−α−/2 , (IV.42)
for the h0 > 5 + 2
√
6 or h0 < 5− 2
√
6 case and
F (R) ∝ R(h0+1)/4 × (oscillating parts) , (IV.43)
for the 5 + 2
√
6 > h0 > 5− 2
√
6 case.
Let us investigate a more general singularity
H ∼ h0 (ts − t)−β . (IV.44)
Here, h0 and β are constants, h0 is assumed to be positive, and t < ts, as it should be for an expanding universe.
Even for a non-integer β < 0, some derivative of H and, therefore, the curvature become singular. Assume β 6= 1.
Furthermore, because β = 0 corresponds to the de Sitter space, it is proposed that β 6= 0. When β > 1, the scalar
curvature R behaves as
R ∼ 12H2 ∼ 12h20 (ts − t)−2β . (IV.45)
On the other hand, when β < 1, the scalar curvature R behaves as
R ∼ 6H˙ ∼ 6h0β (ts − t)−β−1 . (IV.46)
If we write
P (φ) = e−h0(ts−φ)
−β+1/2(1−β)S(φ) , (IV.47)
Eq. (III.105), without the matter contribution, has the following Schro¨dinger equation like form:
0 =
d2S(φ)
dφ2
+
(
5βh0
2
(ts − φ)−β−1 − h
2
0
4
(ts − φ)−2β
)
S . (IV.48)
When φ = t→ ts, in the case that β > 1, one finds∣∣∣∣5βh02 (ts − φ)−β−1
∣∣∣∣≪
∣∣∣∣h204 (ts − φ)−2β
∣∣∣∣ . (IV.49)
On the other hand, in the case that β < 1, it follows that∣∣∣∣5βh02 (ts − φ)−β−1
∣∣∣∣≫
∣∣∣∣h204 (ts − φ)−2β
∣∣∣∣ . (IV.50)
In either case, Eq. (IV.48) reduces to the following form:
0 =
d2S(φ)
dφ2
− V0 (ts − φ)−α S , (IV.51)
when φ = t→ ts. Here
V0 = − 5βh02 , α = β + 1 when β < 1
V0 =
h20
4 , α = 2β when β > 1
. (IV.52)
With a further redefinition
y ≡ (ts − φ)1−α/2 , S = y(α/4)(1−α/2)
−1
ϕ , (IV.53)
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Eq. (IV.51) has the following form:
0 =
d2ϕ
dy2
−
{(
α2
16
− α
4
)
1
y2
+
4V0
(2− α)2
}
ϕ . (IV.54)
Note that y → 0 when φ → ts if 1 − α/2 > 0, but y → ∞ when φ → ts if 1 − α/2 < 0. Then, if 1 − α/2 > 0,
Eq. (IV.54) reduces to the following form when φ→ ts:
0 =
d2ϕ
dy2
−
(
α2
16
− α
4
)
1
y2
ϕ , (IV.55)
whose general solution is given by
ϕ = Ayα/4−1 +By−α/4 . (IV.56)
Here, A and B are constants of integration. On the other hand, if 1 − α/2 < 0, Eq. (IV.54) reduces to the following
form when φ→ ts:
0 =
d2ϕ
dy2
+
4V0
(α− 2)2ϕ . (IV.57)
When V0 > 0, the general solution of (IV.57) is given by
y = A˜ cos (ωy) + B˜ sin (ωy) , ω ≡ 2
√
V0
α− 2 . (IV.58)
Here, A˜ and B˜ are constants of integration. On the other hand, if V0 < 0, the general solution has the following form
y = Aˆeωˆy + Bˆe−ωˆy , ωˆ ≡ 2
√−V0
α− 2 . (IV.59)
From the above analysis, one may obtain the asymptotic solution for P when φ→ ts.
• β > 1 case: From (IV.52), α = 2β > 2 and, therefore, 1 − α/2 = 1 − β < 0, which corresponds to (IV.57).
Because we also find V0 > 0, the solution is given by (IV.58). Combining (IV.44), (IV.47), (IV.53), and (IV.58),
we find the following asymptotic expression of P (φ):
P (φ) ∼ e(h0/2(β−1))(ts−φ)−β+1 (ts − φ)β/2
(
A˜ cos
(
ω (ts − φ)−β+1
)
+ B˜ sin
(
ω (ts − φ)−β+1
))
,
ω ≡ h0
2 (β − 1) . (IV.60)
When φ→ ts, P (φ) tends to vanish very rapidly. For large R, F (R) looks like (at large R)
F (R) ∝ e(h0/2(β−1))
(
R
12h0
)(β−1)/2β
R−1/4 × (oscillating part) . (IV.61)
• 1 > β > 0 case: From (IV.52), it follows that α = β + 1 and, therefore, 1 − α/2 = 1/2 − β/2 > 0, which
corresponds to (IV.55). Because
α
4
− 1−
(
−α
4
)
= β > 0 , (IV.62)
the second term in (IV.56) dominates when φ→ ts if B 6= 0. Then, by combining (IV.44), (IV.47), (IV.53), and
(IV.56), the following asymptotic expression of P (φ) is obtained:
P (φ) ∼ Be−(h0/2(1−β))(ts−φ)1−β (ts − φ)(β+1)/8 . (IV.63)
Therefore,
F (R) ∼ e−(h0/2(1−β))(−6βh0R)(β−1)/(β+1)R7/8 . (IV.64)
Eq. (IV.46) shows that when φ = t→ ts, R→∞ in the case that β > −1, but R→ 0 in the case that β < −1.
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• β < 0 case: As in 1 > β > 0 case, one gets α = β + 1 and, therefore, 1− α/2 > 0; however, because
α
4
− 1−
(
−α
4
)
= β < 0 , (IV.65)
the first term in (IV.56) dominates when φ→ ts if A 6= 0. Thus, the asymptotic expression of P (φ) is as follows:
P (φ) ∼ Ae−(h0/2(1−β))(ts−φ)1−β (ts − φ)−(β
2−6β+1)/8 . (IV.66)
Then, F (R) is given by
F (R) ∼ (−6h0βR)(β
2+2β+9)/8(β+1) e−(h0/2(1−β))(−6h0βR)
(β−1)/(β+1)
. (IV.67)
Note that −6h0βR > 0 when h0, R > 0.
When β > 1 in (IV.44), R behaves as in (IV.45), and when β < 1, the scalar curvature R behaves as in (IV.46).
Conversely, when R behaves as
R ∼ 6H˙ ∼ R0 (β + 1) (ts − t)−γ , (IV.68)
if γ > 2, which corresponds to β = γ/2 > 1, H behaves as
H ∼
√
R0
12
(ts − t)−γ/2 . (IV.69)
On the other hand, if 2 > γ > 1, which corresponds to 1 > β = γ − 1 > 0, H is given by
H ∼ R0
6 (γ − 1) (ts − t)
−γ+1
, (IV.70)
and if γ < 1, which corresponds to β = γ − 1 < 0, one obtains
H ∼ H0 + R0
6 (γ − 1) (ts − t)
−γ+1
. (IV.71)
Here, H0 is an arbitrary constant, which is chosen to vanish in (IV.44). Then, because H = a˙(t)/a(t), if γ > 2, we
find
a(t) ∝ exp
((
2
γ
− 1
)√
R0
12
(ts − t)−γ/2+1
)
, (IV.72)
when 2 > γ > 1, a(t) behaves as
a(t) ∝ exp
(
R0
6γ (γ − 1) (ts − t)
−γ
)
, (IV.73)
and if γ < 1,
a(t) ∝ exp
(
H0t+
R0
6γ (γ − 1) (ts − t)
−γ
)
. (IV.74)
In any case, there appears a sudden future singularity at t = ts.
Because the second term in (IV.71) is smaller than the first term, the asymptotic solution of Eq.(III.105) looks as
follows:
P ∼ P0
(
1 +
2h0
1− β (ts − φ)
1−β
)
, (IV.75)
with a constant P0, which gives
F (R) ∼ F0R+ F1R2β/(β+1) . (IV.76)
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Here, F0 and F1 are constants. When 0 > β > −1, we find that 2β/ (β + 1) < 0. On the other hand, when β < −1,
it follows 2β/ (β + 1) > 2. As is seen from (IV.42), F (R) generates the Big Rip singularity when R is large. Thus,
even if R is small, the F (R) generates a singularity where higher derivatives of H diverge.
Let us also investigate how the effective EoS parameter weff for (IV.71) behaves when t ∼ ts. In Einstein gravity,
the FRW equations are given by
3
κ2
H2 = ρ , − 1
κ2
(
2H˙ + 3H2
)
= p . (IV.77)
As was discussed in section A of the second chapter, for F (R) gravity, we may introduce the EoS parameter weff by
weff = −1− 2H˙
3H2
. (IV.78)
Then, if β = γ/2 > 1, it follows that
weff ∼ −1− 2β
3h0
(ts − t)−1+β → −1 , (IV.79)
when t→ ts. If 1 > β = γ − 1 > 0, we find
weff ∼ − 2β
3h0
(ts − t)−1+β → −∞ . (IV.80)
Finally, if β = γ − 1 < 0, one gets the expression (IV.80) when H0 = 0. When H0 6= 0, on the other hand, we obtain
weff ∼ −1− 2βh0
3H20
(ts − t)−1−β , (IV.81)
when H0 vanishes. Then, if −1 < β < 0, weff → +∞ when t→ ts. On the other hand, if β < −1, weff → −1.
Eq. (IV.77) also shows that, even for F (R) gravity, we may define the effective energy density ρeff and the effective
pressure peff by
ρeff ≡ 3
κ2
H2, peff ≡ − 1
κ2
(
2H˙ + 3H2
)
. (IV.82)
We now assume that H behaves as (IV.44). Then, if β > 1, when t→ ts, a ∼ exp(h0 (ts − t)1−β / (β − 1))→∞ and
ρeff , |peff | → ∞. If β = 1, we find a ∼ (ts − t)−h0 → ∞ and ρeff , |peff | → ∞. If 0 < β < 1, a goes to a constant
but ρ, |p| → ∞. If −1 < β < 0, we find that a and ρ vanish but |peff | → ∞. When β < 0, instead of (IV.44), as in
(IV.70), one may assume
H ∼ H0 + h0 (ts − t)−β . (IV.83)
Thus, ρeff has a finite value 3H
2
0/κ
2 in the limit t → ts when −1 < β < 0. If β < −1 but β is not any integer, a is
finite and ρeff and peff vanish if H0 = 0 or both of ρeff and peff are finite if H0 6= 0 but higher derivatives of H diverge.
In the classification of the singularities in [34], Type I corresponds to the β > 1 or β = 1 case, Type II to the
−1 < β < 0 case, Type III to the 0 < β < 1 case, and Type IV to the β < −1 case (where β is not an integer). Thus,
we have constructed F (R) gravity examples that show all four types of the above finite-time singularities. Viable
F (R) gravities (see second chapter) may also show (soft) future singular behavior. It is interesting to mention that
future singularities manifest themselves in different presentations of F (R) gravity. For instance, if the scalar-tensor
version shows the Big Rip-type singularity, then its F (R) counterpart becomes a complex theory precisely at the rip
time [142].
Near the future singularity at t = ts, the curvature becomes large in general. As a result, near the singularity, the
quantum fields/quantum gravity effects become very important again. All classical considerations are not valid, and all
speculations about a future cosmic doomsday cannot restrict the classical theory structure because quantum effects can
stop (or shift) the future singularity. Moreover, the quantum corrections usually contain the curvature powers, which
become important near the singularity. Thus, any claim about the appearance of the effective phantom/quintessence
phase in modified gravity that subsequently enters the future singularity is not justified without quantum effects
occurring near the singularity. One may include the massless quantum effects by taking into account the conformal
anomaly contribution as a back-reaction near the singularity. The conformal anomaly TA has the following well-known
form:
TA = b
(
F + 2
3
R
)
+ b′G + b′′R , (IV.84)
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where F is the square of the 4D Weyl tensor, and G is the Gauss-Bonnet invariant, which are given by
F = 1
3
R2 − 2RµνRµν +RµνρσRµνρσ , G = R2 − 4RµνRµν +RµνρσRµνρσ . (IV.85)
In general, with N scalars, N1/2 spinors, N1 vector fields, N2 (= 0 or 1) gravitons andNHD higher-derivative conformal
scalars, b and b′ are given by
b =
N + 6N1/2 + 12N1 + 611N2 − 8NHD
120(4π)2
, b′ = −N + 11N1/2 + 62N1 + 1411N2 − 28NHD
360(4π)2
. (IV.86)
As is seen, b > 0 and b′ < 0 for the usual matter, except the higher-derivative conformal scalars. Notice that b′′ can
be shifted by the finite renormalization of the local counterterm R2, so b′′ can be an arbitrary coefficient.
By including the trace anomaly, the trace of (II.5) is modified as
R+ 2f(R)−Rf ′(R)− 3f ′(R) = −κ
2
2
(Tmatter + TA) . (IV.87)
For the FRW universe, we find
F = 0 , G = 24
(
H˙H2 +H4
)
. (IV.88)
We now assume that H behaves as (IV.44) and neglect the contribution from matter by putting Tmatter = 0. Then,
in the case that f(R) behaves as f(R) ∼ − αRn , Eq. (IV.87) becomes
R+ 3
( αn
Rn+1
)
= −κ
2
2
TA . (IV.89)
First, we consider the case that 2b/3+b′′ = 0 and, therefore, TA = G. The solution (IV.83) is assumed. If −1 < β < 0,
R behaves as (ts − t)−β−1 and G behaves as G ∼ 24H˙H2 ∼ (ts − t)−3β−1. Because −3β− 1 > −β− 1 when β < 0, TA
is negligible compared with R. Here, 
(
αn/Rn+1
) ∼ (ts − t)(β+1)(n+1)−2. Then, the curvature singularity appears
in a finite time, and the quantum correction does not prevent the singularity when 2b/3+ b′′ = 0. One may, however,
consider the case that 2b/3 + b′′ 6= 0. In this case, TA behaves as
TA ∼
(
2
3
b+ b′′
)
R ∼ (ts − t)−β−3 . (IV.90)
Because R ∼ (ts − t)−β−1 and 
(
αn/Rn+1
) ∼ (ts − t)(β+1)(n+1)−2, the terms in the l.h.s of (IV.89) are always less
singular than TA because
− β − 1, (β + 1) (n+ 1)− 2 > −β − 3 . (IV.91)
This indicates that Eq. (IV.89) does not allow the singular solution and the curvature singularity does not appear.
Therefore, in the case that 2b/3 + b′′ 6= 0, the quantum effects prevent the singularity appearance.
In the above analysis, the R term acts against the singularity. The R term is generated by a local term R2,
which shows that if one modifies F (R) by adding the R2 term as
F (R)→ F (R) + γR2 , (IV.92)
with a constant γ, the curvature singularity cannot be generated. Thus, the addition of R2 term which is relevant
at the very early universe gives the universal tool for resolving the finite-time future singularities. Moreover, as was
mentioned in section A of the second chapter, this term is the source of early-time inflation. Thus, removal of the
singularity gives the natural prescription for the unification of the inflation with the dark energy epoch in frames of
modified gravity.
C. Future singularities in F (G) gravity
Let us show that the occurrence of future singularities is a general phenomenon in modified gravity. In this section,
which is based on ref. [41], it is demonstrated that modified Gauss-Bonnet gravity can also drive the universe evolution
to the singularity.
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We start with the F (G) models, in which the finite-time future singularities can occur when the form of H is taken
as Eq. (IV.83). To find such F (G) gravities, the reconstruction method is used in a form which is different from that
in subsection IIID.
Using proper functions P (t) and Q(t) of a scalar field t which is identified with the cosmic time, the action in
Eq. (II.123) can be rewritten as
S =
∫
d4x
√−g
[
1
2κ2
(R+ P (t)G +Q(t)) + Lmatter
]
. (IV.93)
The variation with respect to t yields
dP (t)
dt
G + dQ(t)
dt
= 0 , (IV.94)
from which one can find t = t(G). Substituting t = t(G) into Eq. (IV.93), the action in terms of F (G) follows
F (G) = P (t)G +Q(t) . (IV.95)
The scale factor is presented as
a(t) = a0 exp (g(t)) , (IV.96)
where a0 is a constant and g(t) is a proper function. Using Eqs. (II.126), (II.173), (II.174), (IV.96), the matter
conservation law (II.144) and then neglecting the contribution from matter, we get the differential equation
2
d
dt
(
g˙2(t)
dP (t)
dt
)
− 2g˙3(t)dP (t)
dt
+ g¨(t) = 0 . (IV.97)
With the help of Eq. (II.126), Q(t) is given by
Q(t) = −24g˙3(t)dP (t)
dt
− 6g˙2(t) . (IV.98)
First, the Big Rip singularity can be analyzed. If β = 1 in Eq. (IV.83) with H0 = 0, H and G are given by
H =
h0
(ts − t) , G =
24h30
(ts − t)4 (1 + h0) . (IV.99)
The most general solution of Eq. (IV.97) is
P (t) =
1
4h0(h0 − 1)(2ts − t)t+ c1
(ts − t)3−h0
3− h0 + c2 , (IV.100)
where c1 and c2 are constants. From Eq. (IV.98), one gets
Q(t) = − 6h
2
0
(ts − t)2 −
24h30
[
(ts−t)
2h0(h0−1) − c1(ts − t)2−h0
]
(ts − t)3 . (IV.101)
Furthermore, from Eq. (IV.94), we obtain
t =
[
24(h30 + h
4
0)
G
]1/4
+ ts . (IV.102)
Solving Eq. (IV.95), we find the most general form of F (G), which realizes the Big Rip singularity
F (G) =
√
6h30(1 + h0)
h0(1− h0)
√G + c1G
h0+1
4 + c2G . (IV.103)
This is an exact solution in the case of Eq. (IV.99). In general, if, for large values of G, F (G) ∼ αG1/2, where α(6= 0)
is a constant, the Big Rip singularity occurs for any value of h0 6= 1. In the case of h0 = 1, the solution of G(H, H˙...)
is zero for F (G) = αG1/2. Note that αG(1+h0)/4 is an invariant with respect to the Big Rip solution.
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In the case of h0 = 1, it is possible to find another exact solution for P (t)
P (t) = α(ts − t)q ln [γ(ts − t)z ] , (IV.104)
where γ(> 0) is a positive constant and q and z are constants. Eq. (IV.97) is satisfied for the case of Eq. (IV.99) if
q = 3− h0 = 2 (and, therefore, h0 = 1) and zα = −1/4. From Eq. (IV.98), we have
Q(t) = − 12
(ts − t)2 ln [γ(ts − t)] . (IV.105)
The form of F (G) is given by
F (G) =
√
3
2
√G ln(γG) . (IV.106)
In general, if, for large values of G, F (G) ∼ α√G ln(γG) with α > 0 and γ > 0, the Big Rip singularity occurs. The
same result is found for F (G) ∼ α√G ln(γGz +G0) with α > 0, γ > 0 and z > 0, where G0 is a constant.
Next, we investigate the other types of singularities. If β 6= 1, Eq. (IV.83) with H0 = 0 implies that the scale factor
a(t) behaves as
a(t) = exp
[
h0(ts − t)1−β
β − 1
]
. (IV.107)
We consider the case in which H and G are given by
H =
h0
(ts − t)β , β > 1 , G ∼
24h40
(ts − t)4β . (IV.108)
A solution of Eq. (IV.97) in the limit t→ ts is given by
P (t) ≃ α
(ts − t)z (IV.109)
with z = −2β and α = −1/4h20. The form of F (G) is expressed as
F (G) = −12
√
G
24
. (IV.110)
Thus, if, for large values of G, F (G) ∼ −α√G with α > 0, a Type I singularity could appear.
When β < 1, the forms of H and G are given by
H =
h0
(ts − t)β , 0 < β < 1 , G ∼
24h30β
(ts − t)3β+1 . (IV.111)
An asymptotic solution of Eq. (IV.97) in the limit t→ ts is given by
P (t) ≃ α
(ts − t)z (IV.112)
with z = −(1 + β) and α = 1/2h0(1 + β). The form of F (G) becomes
F (G) = 6h
2
0
(β + 1)
(3β + 1)
( |G|
24h30|β|
)2β/(3β+1)
. (IV.113)
Thus, if for large values of G, F (G) has the form
F (G) ∼ α|G|γ , γ = 2β
3β + 1
, (IV.114)
with α > 0 and 0 < γ < 1/2, we find that 0 < β < 1 and a Type III singularity could emerge.
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If, for G → −∞, F (G) has the form in Eq. (IV.114) with α > 0 and −∞ < γ < 0, we find −1/3 < β < 0 and a
Type II (sudden) singularity could occur. Moreover, if for G → 0−, F (G) has the form in Eq. (IV.114) with α < 0
and 1 < γ <∞, it is obtained −1 < β < −1/3 and a Type II singularity could occur.
If, for G → 0−, F (G) has the form in Eq. (IV.114) with α > 0 and 2/3 < γ < 1, we obtain −∞ < β < −1 and a
Type IV singularity could emerge. It is also required that γ 6= 2n/(3n− 1), where n is a natural number.
We can generate all of the possible Type II singularities as shown above except in the case of β = −1/3, i.e.,
H = h0/(ts − t)1/3. In this case, the form of G is:
G = 24h30β + 24h40(ts − t)4/3 < 0 . (IV.115)
To find t in terms of G, one must consider the whole expression of G by also taking into account the low term of
(ts − t). It follows that
F (G) ≃ 1
4
√
6h30
G (G + 8h30)1/2 + 2√
6
(G + 8h30)1/2 . (IV.116)
As a consequence, the specific model F (G) = σ1G(G+c3)1/2+σ2(G+c3)1/2, where σ1, σ2 and c3 are positive constants,
can generate a Type II singularity.
Let us end this section by considering the following realistic model, again for n > 0,
f4(G) = Gα a1G
n + b1
a2Gn + b2 . (IV.117)
Because for large G, one has F4(G) ≃ a1/a2Gα and for small G, one has f4(G) ≃ b1/b2Gα, we do not find any type of
singularities for
1
2
< α <
2
3
. (IV.118)
Eq. (IV.117) provides an example of a realistic model free of all possible future singularities when Eq. (IV.118) is
satisfied, independently of the coefficients. Moreover, this model suggests the universal scenario for resolving future
finite-time singularities. Adding the above model to any singular dark energy results in a combined non-singular
model. Thus, unlike convenient dark energy, which may be singular or not, (non-singular) modified gravity may
suggest the universal recipe for resolving the future finite-time singularity. In this respect, modified gravity seems to
be a more fundamental theory than convenient dark energies.
D. Late-time dynamics in Horˇava-Lifshitz gravity
Let us show that future singularities may also occur in Horˇava-Lifshitz dark energy models [79]. Assume the
behavior of the Hubble rate is the same as in (IV.44). Let us now consider some simple singularity examples in the
power-law Horˇava-Lifshitz F (R) gravity and compare them with the standard case.
In the case that
F (R˜) = R˜+ χR˜m , (IV.119)
one finds the necessary conditions for the presence of the singularities:
Type I β > 1, m > β−12β
Type II m < 0, −1 < β < 0
Type III 0 < β < 1, m 6= 0
Type IV β ∈ Q− Z, β < −1 .
(IV.120)
It is important to stress that the conditions (IV.120) are only necessary for the existence of the singularity. In the
following, only the case that λ > 13 is considered for simplicity. Then, one sees that a solution
a = a0t
γ , ρ = ρ0t
−2 , γ =
2(m− 1)(2m− 1)µ
(2m− 1) (3λ− 1)− 6(m− 1)µ , ρ0 = 0 , (IV.121)
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presents a singularity of Type I for

0 < m < 12
−6mλ+2m+3λ−1
4m2−12m+8 < µ <
6mλ−2m−3λ+1
8m3−16m2+16m−8 ,
1
2 < m < 1
−6mλ+2m+3λ−1
4m2−12m+8 < µ <
6mλ−2m−3λ+1
6m−6 ,
1 < m < 2 6mλ−2m−3λ+16m−6 < µ <
−6mλ+2m+3λ−1
4m2−12m+8 ,
m = 2 µ > 16 (9λ− 3) ,
m > 2 µ < −6mλ+2m+3λ−14m2−12m+8 µ >
6mλ−2m−3λ+1
6m−6 ,
(IV.122)
a singularity of Type II for 

m < −1 6mλ−2m−3λ+14m2−4 < µ < 0 ,
m = −1 µ < 0 ,
−1 < m < 0 µ < 0 µ > 6mλ−2m−3λ+14m2−4 ,
(IV.123)
and a singularity of Type III for


m < 0 µ < 0 µ > 6mλ−2m−3λ+16m−6 ,
0 < m < 12 0 < µ <
−6mλ+2m+3λ−1
4m2−12m+8 ,
1
2 < m < 1 µ <
−6mλ+2m+3λ−1
4m2−12m+8 µ > 0 ,
1 < m < 2 µ < 0 µ > −6mλ+2m+3λ−14m2−12m+8 ,
m = 2 µ < 0
m > 2 −6mλ+2m+3λ−14m2−12m+8 < µ < 0 .
(IV.124)
This is very different from the standard case, where we have a singularity of Type I only for m > 2, and a Type III
for 12 < m < 1 and m < 0.
For the solution
a = a0t
γ , ρ = ρ0t
−2 , γ =
2m
3(1 + w)
,
ρ0 =
χ [3µ(m− 1)(2m(w + 2)− w − 1)−m(2m− 1) (3λ− 1)]
κ2 (m [3λ− 6µ− 1) + 3(w + 1)µ]
×
(
4m2 (−3λ+ 6µ+ 1)− 12m(w + 1)µ
(w + 1)2
)m
, (IV.125)
we have a singularity of Type III when{ −3 < m ≤ − 32 13 (−2m− 3) < w ≤ 1 ,
− 32 < m < 12
(
1−√13) 0 ≤ w ≤ 1 . (IV.126)
For the solution
a = a0t
γ , ρ = ρ0t
−2 , γ =
2µ
−3λ+ 6µ+ 1 , ρ0 = 0 , (IV.127)
which exists only in the Horˇava-Lifshitz version of F (R) gravity, we have instead a singularity of Type I for{
λ < 13
1
6 (3λ− 1) < µ < 18 (3λ− 1) m > 1 ,
λ > 13
1
8 (3λ− 1) < µ < 16 (3λ− 1) m > 1 ,
(IV.128)
and of Type III for {
λ < 13
1
8 (3λ− 1) < µ < 0 m > 1 ,
λ > 13 0 < µ <
1
8 (3λ− 1) m > 1 .
(IV.129)
The results above clearly show that the presence of singularities is deeply altered in the Horˇava-Lifshitz version of
F (R) gravity. In particular, it seems that the additional parameters make it much easier to realize the singularities.
The intervals we have presented above for the parameters can then be interpreted as constraints on this type of
Horˇava-Lifshitz F (R) gravity. Thus, we have demonstrated that modified Horˇava-Lifshitz gravity can be incorporated
into the phantom like or quintessence like accelerating cosmologies, which might lead to singularities of Type I, II,
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or III. Of course, as in the case of conventional theory one can resolve these future singularities by adding a higher-
derivative gravitational term, which is relevant at very early times. However, the structure of this term is different
from the case of convenient modified gravity. For example, the addition of the R2 term does not necessarily remove
all types of singularities in the theory under discussion.
In summary, in this chapter, we demonstrated that an effective phantom as well as some quintessence dark energy
models may drive the universe evolution to future finite-time singularities. This is a universal property, regardless of
whether dark energy is a fluid, field model or modified gravity. To resolve such future singularities, one has to add
extra gravitational terms to the theory action. In other words, resolving the singularities invites the modification of
gravity, even if the initial dark energy was not modified gravity. The additional gravitational term, which is usually
relevant at very early times, also helps in the realization of the inflationary phase. In this way, the additional support
for unification of early-time inflation with late-time acceleration in modified gravity follows.
V. DISCUSSION
In summary, we reviewed a number of popular modified gravities including F (R) theory, modified Gauss-Bonnet
and scalar-Gauss-Bonnet gravities, non-minimal models, non-local gravity, modified F (R) Horˇava-Lifshitz theory and
(power-counting renormalizable) covariant gravity. General properties and different representations of such theories
were considered. Their spatially flat FRW equations, which often have higher-derivative terms and/or non-canonical
and non-standard couplings were derived. The accelerating cosmological solutions including the de Sitter universe and
an attempt to obtain the unified description of inflation with dark energy were proposed. It was demonstrated that
the qualitative possibility of such a unification is a very natural property for this large class of alternative gravities.
This is also the case for the theories with broken Lorentz symmetry like Horˇava-Lifshitz gravity.
To describe the background evolution of modified gravity, we developed the cosmological reconstruction method
(inverse problem) in terms of cosmological time or e-folding. Using the freedom in the choice of scalar potentials and of
the modified term function, which depends on geometrical invariants, such as curvature and the Gauss-Bonnet term,
we arrived to master differential equations whose solution solves the problem. It was demonstrated that eventually,
any given cosmology may be reconstructed in this way. We explicitly considered the reconstruction in scalar-tensor
theory, Brans-Dicke gravity, the k-essence model, F (R) theory and the Lagrange multiplier F (R) theory, modified
Gauss-Bonnet and scalar-Gauss-Bonnet gravities, Horˇava-Lifshitz gravity and non-minimal Yang-Mills theory. As
an example of the number of universe evolution eras including ΛCDM one, the effective quintessence or phantom
acceleration, the unified early-time inflation with late-time acceleration was shown to be the background solution of
the above theories. It should be stressed that even if specific modified gravity cannot capture the entire sequence of
the universe evolution (namely, the inflation, radiation and matter dominance, dark energy era) with good accuracy,
it may be additionally reconstructed so that it can become a viable theory. Thus, such a partial reconstruction is
an extremely powerful tool that may help the theory to pass the known observationally related tests. Of course, the
price for that is some extra modifications of the action. Fortunately, such extra modifications may be attributed to
the gravitational sector relevant at the very early universe.
Special attention was paid to late-time dynamics of the effective quintessence/phantom dark energy of arbitrary
nature: fluid, particle model or modified gravity. It is known that all or some of the energy conditions for such a
(phantom or quintessence) dark energy universe are violated. As a result, the universe may end up with its evolution
in one of four known types of finite-time singularities. The appearance of all four types of future singularities in
coupled fluid dark energy, F (R) theory, modified Gauss-Bonnet gravity and modified F (R) Horˇava-Lifshitz gravity
was demonstrated. The universal prescription for resolving such singularities that may lead to bad phenomenological
consequences was proposed. It consists of the addition of an extra higher-derivative gravitational term relevant in the
very early universe and helping in the realization of the inflation. In the case of F (R) theory or standard fluid dark
energy, this term is proportional to R2 at large curvatures.
The advantage of the approach proposed in this review is its very general character. Even if one of the particular
gravity models under discussion is outside of mainstream research, its properties and background solutions will remain
mathematically and physically correct. Moreover, the developed reconstruction scheme proposes the way to change
the properties of any particular theory in the desirable way. Thus, we did not discuss the cosmological perturbation
theory or structure formation in modified gravity. Indeed, the standard way to study the cosmological perturbations
in modified gravity is based on the close analogy with general relativity. As a result, higher-order differential equations
are approximated by second-order equations. Clearly, this is not a consistent approach. To analyze the cosmological
perturbations one has to develop a powerful numerical technique that should be applied to higher-derivative differential
equations. We also did not discuss the local tests of the gravity (especially, post-Newtonian regime tests) in detail.
This is due to existence of a number of observationally related reviews [4] from a point of view. From another point
of view, only the small curvature regime is relevant for the purposes of the local tests. Clearly, all modified gravities
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under consideration may be parametrized by some effective theory with small deviations from general relativity. In
other words, a very large class of models with qualitatively different properties may quite easily pass the local tests.
The next important step in the investigation of modified gravity should be related to a detailed proposal on the
description of the sequence of the entire evolution of the universe: inflation, radiation/matter dominance, and dark
energy. As we saw in this work, the equations of motion for such theories are extremely complicated, and including
all of the universe matter content makes them even more involved. Presumably, such a study can be done only
numerically. This is an extremely hard task that should give the final answer to the question: is the evolution of the
observable universe governed by modified gravity?
Acknowledgments
We are grateful to all of our friends and collaborators, especially, those listed here: M. C. B. Abdalla, G. Allemandi,
K. Bamba, A. Borowiec, K. A. Bronnikov, I. Brevik, F. Briscese, S. Carloni, S. Capozziello, V. Cardone, M. Chaichian,
G. Cognola, A. Dev, P. K. S. Dunsby, E. Elizalde, V. Faraoni, M. Francaviglia, C. Q. Geng, O. G. Gorbunova,
R. Goswami, Y. Ito, D. Jain, S. Jhingan, M. De Laurentis, J. E. Lidsey, J. Matsumoto, M. Oksanen, D. Saez-
Gomez, M. Sami, M. Sasaki, L. Sebastiani, I. Thongkool, A. Toporensky, A. Troisi, P. V. Tretyakov, A. Tureanu,
L. Vanzo, P. Wang, H. Yoshioka, S. Zerbini, and Y. l. Zhang for stimulating discussions of different aspects of modified
gravity. This research has been supported in part by the MEC (Spain) project FIS2006-02842 and AGAUR(Catalonia)
2009SGR-994 (SDO), by the Global COE Program of Nagoya University (G07) provided by the Ministry of Education,
Culture, Sports, Science & Technology and by the JSPS Grant-in-Aid for Scientific Research (S) # 22224003 (SN).
[1] R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003) [arXiv:astro-ph/0302506].
[2] S. Nojiri and S. D. Odintsov, Phys. Rev. D 68, 123512 (2003) [arXiv:hep-th/0307288].
[3] S. Nojiri and S. D. Odintsov, eConf C0602061, 06 (2006) [Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007)]
[arXiv:hep-th/0601213]; arXiv:0807.0685.
[4] S. Capozziello, M. De Laurentis and V. Faraoni, arXiv:0909.4672 [gr-qc];
S. Capozziello and M. Francaviglia, Gen. Rel. Grav. 40, 357 (2008) [arXiv:0706.1146 [astro-ph]];
T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010) [arXiv:0805.1726 [gr-qc]];
F. S. N. Lobo, arXiv:0807.1640 [gr-qc].
[5] W. Nelson, Phys. Rev. D 82, 124044 (2010) [arXiv:1012.3353 [gr-qc]]. H. W. Lee, K. Y. Kim and Y. S. Myung,
arXiv:1010.5556 [hep-th];
L. Amendola, K. Enqvist and T. Koivisto, arXiv:1010.4776 [gr-qc];
Y. Zhong, Y. X. Liu and K. Yang, arXiv:1010.3478 [hep-th];
D. S. Gorbunov and A. G. Panin, arXiv:1009.2448 [hep-ph];
C. Corda, Eur. Phys. J. C 65, 257 (2010) [arXiv:1007.4077 [gr-qc]];
L. G. Jaime, L. Patino and M. Salgado, arXiv:1006.5747 [gr-qc];
H. Farajollahi, M. Setare, F. Milani and F. Tayebi, arXiv:1005.2026 [physics.gen-ph];
A. Balcerzak and M. P. Dabrowski, Phys. Rev. D 81, 123527 (2010) [arXiv:1004.0150 [hep-th]];
S. Capozziello, P. Martin-Moruno and C. Rubano, Phys. Lett. B 689, 117 (2010) [arXiv:1003.5394 [gr-qc]];
F. Schmidt, Phys. Rev. D 81, 103002 (2010) [arXiv:1003.0409 [astro-ph.CO]];
T. Saidov and A. Zhuk, Phys. Rev. D 81, 124002 (2010) [arXiv:1002.4138 [hep-th]];
I. Brevik, S. Nojiri, S. D. Odintsov and D. Saez-Gomez, arXiv:1002.1942 [hep-th];
R. Garcia-Salcedo, T. Gonzalez, C. Moreno, Y. Napoles, Y. Leyva and I. Quiros, JCAP 1002, 027 (2010) [arXiv:0912.5048
[gr-qc]];
V. Dzhunushaliev, V. Folomeev, B. Kleihaus and J. Kunz, JHEP 1004, 130 (2010) [arXiv:0912.2812 [gr-qc]];
A. Aghmohammadi, K. Saaidi, M. R. Abolhassani and A. Vajdi, Phys. Scripta 80, 065008 (2009) [arXiv:0912.2510 [gr-
qc]];
T. Multamaki, J. Vainio and I. Vilja, Phys. Rev. D 81, 064025 (2010) [arXiv:0910.5659 [gr-qc]];
R. G. Cai, L. M. Cao, Y. P. Hu and N. Ohta, Phys. Rev. D 80, 104016 (2009) [arXiv:0910.2387 [hep-th]];
K. Bamba, C. Q. Geng, S. Nojiri and S. D. Odintsov, Europhys. Lett. 89, 50003 (2010) [arXiv:0909.4397 [hep-th]];
K. Nozari and T. Azizi, Phys. Lett. B 680, 205 (2009) [arXiv:0909.0351 [gr-qc]];
S. Tsujikawa, R. Gannouji, B. Moraes and D. Polarski, Phys. Rev. D 80, 084044 (2009) [arXiv:0908.2669 [astro-ph.CO]];
S. K. Chakrabarti, E. N. Saridakis and A. A. Sen, arXiv:0908.0293 [astro-ph.CO];
I. Quiros, Y. Leyva and Y. Napoles, Phys. Rev. D 80, 024022 (2009) [arXiv:0906.1190 [gr-qc]];
L. Hui, A. Nicolis and C. Stubbs, Phys. Rev. D 80, 104002 (2009) [arXiv:0905.2966 [astro-ph.CO]];
C. Gao, Phys. Lett. B 684, 85 (2010) [arXiv:0905.0310 [astro-ph.CO]];
B. C. Paul, P. S. Debnath and S. Ghose, Phys. Rev. D 79, 083534 (2009) [arXiv:0904.0345 [astro-ph.CO]];
92
S. V. Ketov, Class. Quant. Grav. 26, 135006 (2009) [arXiv:0903.0251 [hep-th]];
F. Bauer, J. Sola and H. Stefancic, Phys. Lett. B 678, 427 (2009) [arXiv:0902.2215 [hep-th]];
M. R. Setare, Int. J. Mod. Phys. D 17, 2219 (2008) [arXiv:0901.3252 [hep-th]].
[6] L. N. Granda, arXiv:0812.1596 [hep-th];
R. Durrer and R. Maartens, arXiv:0811.4132 [astro-ph];
T. S. Koivisto, arXiv:0811.1957 [astro-ph];
V. Faraoni, arXiv:0811.1870 [gr-qc];
E. Dyer and K. Hinterbichler, Phys. Rev. D 79, 024028 (2009) [arXiv:0809.4033 [gr-qc]];
D. Saez-Gomez, Gen. Rel. Grav. 41, 1527 (2009) [arXiv:0809.1311 [hep-th]];
M. Ishak and J. Moldenhauer, JCAP 0901, 024 (2009) [arXiv:0808.0951 [astro-ph]];
O. M. Lecian and G. Montani, Class. Quant. Grav. 26, 045014 (2009) [arXiv:0807.4428 [gr-qc]];
H. Stefancic, Phys. Lett. B 670, 246 (2009) [arXiv:0807.3692 [gr-qc]];
S. Nojiri and S. D. Odintsov, AIP Conf. Proc. 1115, 212 (2009) [arXiv:0810.1557 [hep-th]];
J. L. Cortes and J. Indurain, Astropart. Phys. 31, 177 (2009) [arXiv:0805.3481 [astro-ph]];
T. Multamaki, J. Vainio and I. Vilja, Class. Quant. Grav. 26, 075005 (2009) [arXiv:0805.1834 [gr-qc]];
B. Vakili, Phys. Lett. B 664, 16 (2008) [arXiv:0804.3449 [gr-qc]];
N. Deruelle, M. Sasaki and Y. Sendouda, Phys. Rev. D 77, 124024 (2008) [arXiv:0803.2742 [gr-qc]]. S. A. Appleby and
R. A. Battye, JCAP 0805, 019 (2008) [arXiv:0803.1081 [astro-ph]];
A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Phys. Rev. D 77, 123515 (2008) [arXiv:0802.2999 [astro-ph]];
S. DeDeo and D. Psaltis, Phys. Rev. D 78, 064013 (2008) [arXiv:0712.3939 [astro-ph]];
X. Wu and Z. H. Zhu, Phys. Lett. B 660, 293 (2008) [arXiv:0712.3603 [astro-ph]];
P. F. Machado and F. Saueressig, Phys. Rev. D 77, 124045 (2008) [arXiv:0712.0445 [hep-th]];
T. Multamaki, A. Putaja, I. Vilja and E. C. Vagenas, Class. Quant. Grav. 25, 075017 (2008) [arXiv:0712.0276 [gr-qc]];
S. Tsujikawa, K. Uddin and R. Tavakol, Phys. Rev. D 77, 043007 (2008) [arXiv:0712.0082 [astro-ph]];
J. D. Evans, L. M. H. Hall and P. Caillol, Phys. Rev. D 77, 083514 (2008) [arXiv:0711.3695 [astro-ph]];
G. Barenboim and J. Lykken, JCAP 0803, 017 (2008) [arXiv:0711.3653 [astro-ph]];
C. G. Boehmer, T. Harko and F. S. N. Lobo, JCAP 0803, 024 (2008) [arXiv:0710.0966 [gr-qc]];
R. Saffari and S. Rahvar, Phys. Rev. D 77, 104028 (2008) [arXiv:0708.1482 [astro-ph]];
A. Iglesias, N. Kaloper, A. Padilla and M. Park, Phys. Rev. D 76, 104001 (2007) [arXiv:0708.1163 [astro-ph]];
J. Santos, J. S. Alcaniz, M. J. Reboucas and F. C. Carvalho, Phys. Rev. D 76, 083513 (2007) [arXiv:0708.0411 [astro-ph]];
T. P. Sotiriou, V. Faraoni and S. Liberati, Int. J. Mod. Phys. D 17, 399 (2008) [arXiv:0707.2748 [gr-qc]];
F. Schmidt, M. Liguori and S. Dodelson, Phys. Rev. D 76, 083518 (2007) [arXiv:0706.1775 [astro-ph]];
J. C. C. de Souza and V. Faraoni, Class. Quant. Grav. 24, 3637 (2007) [arXiv:0706.1223 [gr-qc]];
S. Rahvar and Y. Sobouti, Mod. Phys. Lett. A 23, 1929 (2008) [arXiv:0704.0680 [astro-ph]];
V. Faraoni, Phys. Rev. D 75, 067302 (2007) [arXiv:gr-qc/0703044];
L. M. Sokolowski, Class. Quant. Grav. 24, 3391 (2007) [arXiv:gr-qc/0702097];
T. Rador, Phys. Lett. B 652, 228 (2007) [arXiv:hep-th/0702081];
S. Capozziello and R. Garattini, Class. Quant. Grav. 24, 1627 (2007) [arXiv:gr-qc/0702075];
B. Li and J. D. Barrow, Phys. Rev. D 75, 084010 (2007) [arXiv:gr-qc/0701111].
[7] T. P. Sotiriou, Phys. Lett. B 645, 389 (2007) [arXiv:gr-qc/0611107];
N. J. Poplawski, Phys. Rev. D 74, 084032 (2006) [arXiv:gr-qc/0607124];
A. Borowiec, W. Godlowski and M. Szydlowski, eConf C0602061, 09 (2006) [Int. J. Geom. Meth. Mod. Phys. 4, 183
(2007)] [arXiv:astro-ph/0607639];
A. de la Cruz-Dombriz and A. Dobado, Phys. Rev. D 74, 087501 (2006) [arXiv:gr-qc/0607118];
S. A. Bludman, arXiv:astro-ph/0605198;
T. P. Sotiriou and S. Liberati, Annals Phys. 322, 935 (2007) [arXiv:gr-qc/0604006];
T. G. Rizzo, arXiv:hep-ph/0603242;
S. K. Srivastava, Int. J. Mod. Phys. D 17, 755 (2008) [arXiv:astro-ph/0602116];
T. Koivisto, Phys. Rev. D 73, 083517 (2006) [arXiv:astro-ph/0602031];
K. Atazadeh and H. R. Sepangi, Int. J. Mod. Phys. D 16, 687 (2007) [arXiv:gr-qc/0602028];
H. J. Schmidt, eConf C0602061, 12 (2006) [Int. J. Geom. Meth. Mod. Phys. 4, 209 (2007)] [arXiv:gr-qc/0602017];
I. H. Brevik, Int. J. Mod. Phys. D 15, 767 (2006) [arXiv:gr-qc/0601100];
T. P. Sotiriou, Phys. Rev. D 73, 063515 (2006) [arXiv:gr-qc/0509029];
S. Capozziello, V. F. Cardone, E. Piedipalumbo and C. Rubano, Class. Quant. Grav. 23, 1205 (2006)
[arXiv:astro-ph/0507438];
Y. Ezawa, H. Iwasaki, Y. Ohkuwa, S. Watanabe, N. Yamada and T. Yano, Class. Quant. Grav. 23, 3205 (2006)
[arXiv:gr-qc/0507060];
T. Koivisto, Class. Quant. Grav. 23, 4289 (2006) [arXiv:gr-qc/0505128];
D. A. Easson, Int. J. Mod. Phys. A 19, 5343 (2004) [arXiv:astro-ph/0411209];
X. H. Meng and P. Wang, Class. Quant. Grav. 22, 23 (2005) [arXiv:gr-qc/0411007];
S. M. Carroll, A. De Felice, V. Duvvuri, D. A. Easson, M. Trodden and M. S. Turner, Phys. Rev. D 71, 063513 (2005)
[arXiv:astro-ph/0410031];
G. Allemandi, A. Borowiec and M. Francaviglia, Phys. Rev. D 70, 043524 (2004) [arXiv:hep-th/0403264];
S. Nojiri, TSPU Vestnik 44N7, 49 (2004) [arXiv:hep-th/0407099];
93
I. H. Brevik, S. Nojiri, S. D. Odintsov and L. Vanzo, Phys. Rev. D 70, 043520 (2004) [arXiv:hep-th/0401073];
D. N. Vollick, Class. Quant. Grav. 21, 3813 (2004) [arXiv:gr-qc/0312041];
G. J. Olmo and W. Komp, arXiv:gr-qc/0403092;
E. E. Flanagan, Class. Quant. Grav. 21, 417 (2003) [arXiv:gr-qc/0309015];
S. Nojiri and S. D. Odintsov, Phys. Lett. B 576, 5 (2003) [arXiv:hep-th/0307071].
[8] G. Leon and E. N. Saridakis, arXiv:1007.3956 [gr-qc];
S. Carloni, R. Goswami and P. K. S. Dunsby, arXiv:1005.1840 [gr-qc];
H. Farajollahi and F. Milani, Mod. Phys. Lett. A 25, 2349 (2010) [arXiv:1004.3512 [gr-qc]];
J. Santos, M. J. Reboucas and T. B. R. Oliveira, Phys. Rev. D 81, 123017 (2010) [arXiv:1004.2501 [astro-ph.CO]];
K. Saaidi, A. Vaji and A. Aghamomammadi, Gen. Rel. Grav. 42, 2421 (2010) [arXiv:1001.4149 [gr-qc]];
S. Capozziello, M. De laurentis and A. Stabile, Class. Quant. Grav. 27, 165008 (2010) [arXiv:0912.5286 [gr-qc]];
S. Nojiri, S. D. Odintsov, A. Toporensky and P. Tretyakov, Gen. Rel. Grav. 42, 1997 (2010) [arXiv:0912.2488 [hep-th]];
V. Reijonen, arXiv:0912.0825 [gr-qc];
M. Sharif and M. F. Shamir, Class. Quant. Grav. 26, 235020 (2009) [arXiv:0910.5787 [gr-qc]];
F. S. N. Lobo and M. A. Oliveira, Phys. Rev. D 80, 104012 (2009) [arXiv:0909.5539 [gr-qc]];
V. Faraoni, Class. Quant. Grav. 26, 195013 (2009) [arXiv:0909.0514 [gr-qc]];
A. M. Nzioki, S. Carloni, R. Goswami and P. K. S. Dunsby, Phys. Rev. D 81, 084028 (2010) [arXiv:0908.3333 [gr-qc]];
A. de la Cruz-Dombriz, A. Dobado and A. L. Maroto, Phys. Rev. D 80, 124011 (2009) [arXiv:0907.3872 [gr-qc]];
N. Goheer, J. Larena and P. K. S. Dunsby, Phys. Rev. D 80, 061301 (2009) [arXiv:0906.3860 [gr-qc]];
M. F. Figueiro and A. Saa, Phys. Rev. D 80, 063504 (2009) [arXiv:0906.2588 [gr-qc]];
D. Momeni, Int. J. Mod. Phys. D 18, 1719 (2009) [arXiv:0903.0067 [gr-qc]];
G. Cognola, E. Elizalde, S. D. Odintsov, P. Tretyakov and S. Zerbini, Phys. Rev. D 79, 044001 (2009) [arXiv:0810.4989
[gr-qc]];
T. Clifton, Phys. Rev. D 78, 083501 (2008) [arXiv:0807.4682 [gr-qc]];
H. Oyaizu, M. Lima and W. Hu, Phys. Rev. D 78, 123524 (2008) [arXiv:0807.2462 [astro-ph]];
L. Hollenstein and F. S. N. Lobo, Phys. Rev. D 78, 124007 (2008) [arXiv:0807.2325 [gr-qc]];
C. S. J. Pun, Z. Kovacs and T. Harko, Phys. Rev. D 78, 024043 (2008) [arXiv:0806.0679 [gr-qc]];
R. Goswami, N. Goheer and P. K. S. Dunsby, Phys. Rev. D 78, 044011 (2008) [arXiv:0804.3528 [gr-qc]];
D. N. Vollick, Phys. Rev. D 76, 124001 (2007) [arXiv:0710.1859 [gr-qc]];
N. Lanahan-Tremblay and V. Faraoni, Class. Quant. Grav. 24, 5667 (2007) [arXiv:0709.4414 [gr-qc]];
S. Capozziello, A. Stabile and A. Troisi, Class. Quant. Grav. 25, 085004 (2008) [arXiv:0709.0891 [gr-qc]];
C. G. Boehmer, L. Hollenstein and F. S. N. Lobo, Phys. Rev. D 76, 084005 (2007) [arXiv:0706.1663 [gr-qc]];
K. Henttunen, T. Multamaki and I. Vilja, Phys. Rev. D 77, 024040 (2008) [arXiv:0705.2683 [astro-ph]];
K. Kainulainen, J. Piilonen, V. Reijonen and D. Sunhede, Phys. Rev. D 76, 024020 (2007) [arXiv:0704.2729 [gr-qc]];
T. Clifton, Class. Quant. Grav. 24, 5073 (2007) [arXiv:gr-qc/0703126];
M. D. Seifert, Phys. Rev. D 76, 064002 (2007) [arXiv:gr-qc/0703060];
I. Sawicki and W. Hu, Phys. Rev. D 75, 127502 (2007) [arXiv:astro-ph/0702278];
G. Cognola, M. Gastaldi and S. Zerbini, Int. J. Theor. Phys. 47, 898 (2008) [arXiv:gr-qc/0701138];
D. Bazeia, B. Carneiro da Cunha, R. Menezes and A. Y. Petrov, Phys. Lett. B 649, 445 (2007) [arXiv:hep-th/0701106];
S. Baghram, M. Farhang and S. Rahvar, Phys. Rev. D 75, 044024 (2007) [arXiv:astro-ph/0701013];
T. Multamaki and I. Vilja, Phys. Rev. D 76, 064021 (2007) [arXiv:astro-ph/0612775];
J. A. Leach, S. Carloni and P. K. S. Dunsby, Class. Quant. Grav. 23, 4915 (2006) [arXiv:gr-qc/0603012];
T. Clifton and J. D. Barrow, Class. Quant. Grav. 23, 2951 (2006) [arXiv:gr-qc/0601118];
V. Faraoni, Phys. Rev. D 72, 124005 (2005) [arXiv:gr-qc/0511094];
T. Clifton and J. D. Barrow, Phys. Rev. D 72, 103005 (2005) [arXiv:gr-qc/0509059];
N. Furey and A. DeBenedictis, Class. Quant. Grav. 22, 313 (2005) [arXiv:gr-qc/0410088];
S. Carloni, P. K. S. Dunsby, S. Capozziello and A. Troisi, Class. Quant. Grav. 22, 4839 (2005) [arXiv:gr-qc/0410046];
U. Gunther, A. Zhuk, V. B. Bezerra and C. Romero, Class. Quant. Grav. 22, 3135 (2005) [arXiv:hep-th/0409112];
H. Kleinert and H. J. Schmidt, Gen. Rel. Grav. 34, 1295 (2002) [arXiv:gr-qc/0006074].
[9] S. Capozziello, R. Cianci, M. De Laurentis and S. Vignolo, arXiv:1007.3670 [gr-qc];
K. Saaidi and A. Aghamohammadi, arXiv:1006.1842 [gr-qc];
X. Fu, P. Wu and H. Yu, Eur. Phys. J. C 68, 271 (2010);
B. Jain and J. Khoury, Annals Phys. 325, 1479 (2010) [arXiv:1004.3294 [astro-ph.CO]];
L. Lombriser, A. Slosar, U. Seljak and W. Hu, arXiv:1003.3009 [astro-ph.CO];
W. Cui, P. Zhang and X. Yang, Phys. Rev. D 81, 103528 (2010) [arXiv:1001.5184 [astro-ph.CO]];
T. Narikawa and K. Yamamoto, Phys. Rev. D 81, 043528 (2010) [Erratum-ibid. D 81, 129903 (2010)] [arXiv:0912.1445
[astro-ph.CO]];
F. Schmidt, A. Vikhlinin and W. Hu, Phys. Rev. D 80, 083505 (2009) [arXiv:0908.2457 [astro-ph.CO]];
Y. Bisabr, Phys. Lett. B 683, 96 (2010) [arXiv:0907.3838 [gr-qc]];
S. Nesseris and A. Mazumdar, Phys. Rev. D 79, 104006 (2009) [arXiv:0902.1185 [astro-ph.CO]];
S. Bellucci, S. Capozziello, M. De Laurentis and V. Faraoni, Phys. Rev. D 79, 104004 (2009) [arXiv:0812.1348 [gr-qc]];
F. Schmidt, M. V. Lima, H. Oyaizu and W. Hu, Phys. Rev. D 79, 083518 (2009) [arXiv:0812.0545 [astro-ph]];
A. Borisov and B. Jain, Phys. Rev. D 79, 103506 (2009) [arXiv:0812.0013 [astro-ph]];
G. Lambiase, S. Mohanty and G. Scarpetta, JCAP 0807, 019 (2008);
94
S. Capozziello, M. De Laurentis, S. Nojiri and S. D. Odintsov, Gen. Rel. Grav. 41, 2313 (2009) [arXiv:0808.1335 [hep-th]];
arXiv:0911.2139;
A. Dev, D. Jain, S. Jhingan, S. Nojiri, M. Sami and I. Thongkool, Phys. Rev. D 78, 083515 (2008) [arXiv:0807.3445
[hep-th]];
J. U. Kang and G. Panotopoulos, Phys. Lett. B 677, 6 (2009) [arXiv:0806.1493 [astro-ph]];
F. C. Carvalho, E. M. Santos, J. S. Alcaniz and J. Santos, JCAP 0809, 008 (2008) [arXiv:0804.2878 [astro-ph]];
S. Capozziello, V. F. Cardone and V. Salzano, Phys. Rev. D 78, 063504 (2008) [arXiv:0802.1583 [astro-ph]];
L. Iorio and M. L. Ruggiero, Schol. Res. Exch. 2008, 968393 (2008) [arXiv:0711.0256 [gr-qc]];
V. Faraoni, Phys. Rev. D 76, 127501 (2007) [arXiv:0710.1291 [gr-qc]];
T. Multamaki and I. Vilja, Phys. Lett. B 659, 843 (2008) [arXiv:0709.3422 [astro-ph]];
K. N. Ananda, S. Carloni and P. K. S. Dunsby, Phys. Rev. D 77, 024033 (2008) [arXiv:0708.2258 [gr-qc]];
W. Hu and I. Sawicki, Phys. Rev. D 76, 104043 (2007) [arXiv:0708.1190 [astro-ph]];
S. Capozziello, A. Stabile and A. Troisi, Phys. Rev. D 76, 104019 (2007) [arXiv:0708.0723 [gr-qc]];
Y. S. Song, H. Peiris and W. Hu, Phys. Rev. D 76, 063517 (2007) [arXiv:0706.2399 [astro-ph]];
S. Fay, S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 76, 063504 (2007) [arXiv:gr-qc/0703006];
P. J. Zhang, Phys. Rev. D 76, 024007 (2007) [arXiv:astro-ph/0701662];
S. Fay, R. Tavakol and S. Tsujikawa, Phys. Rev. D 75, 063509 (2007) [arXiv:astro-ph/0701479];
L. Amendola, R. Gannouji, D. Polarski and S. Tsujikawa, Phys. Rev. D 75, 083504 (2007) [arXiv:gr-qc/0612180];
G. J. Olmo, Phys. Rev. Lett. 98, 061101 (2007) [arXiv:gr-qc/0612002];
A. J. Bustelo and D. E. Barraco, Class. Quant. Grav. 24, 2333 (2007) [arXiv:gr-qc/0611149];
X. H. Jin, D. J. Liu and X. Z. Li, arXiv:astro-ph/0610854;
N. J. Poplawski, Class. Quant. Grav. 24, 3013 (2007) [arXiv:gr-qc/0610133];
A. L. Erickcek, T. L. Smith and M. Kamionkowski, Phys. Rev. D 74, 121501 (2006) [arXiv:astro-ph/0610483];
B. Li, K. C. Chan and M. C. Chu, Phys. Rev. D 76, 024002 (2007) [arXiv:astro-ph/0610794];
G. Allemandi and M. L. Ruggiero, Gen. Rel. Grav. 39, 1381 (2007) [arXiv:astro-ph/0610661];
Y. S. Song, W. Hu and I. Sawicki, Phys. Rev. D 75, 044004 (2007) [arXiv:astro-ph/0610532];
S. Mendoza and Y. M. Rosas-Guevara, Astron. Astrophys. 472, 367 (2007) [arXiv:astro-ph/0610390];
G. Lambiase and G. Scarpetta, Phys. Rev. D 74, 087504 (2006) [arXiv:astro-ph/0610367];
D. Huterer and E. V. Linder, Phys. Rev. D 75, 023519 (2007) [arXiv:astro-ph/0608681];
A. W. Brookfield, C. van de Bruck and L. M. H. Hall, Phys. Rev. D 74, 064028 (2006) [arXiv:hep-th/0608015];
M. L. Ruggiero and L. Iorio, JCAP 0701, 010 (2007) [arXiv:gr-qc/0607093];
V. Faraoni, Phys. Rev. D 74, 023529 (2006) [arXiv:gr-qc/0607016];
O. Mena, J. Santiago and J. Weller, Phys. Rev. Lett. 96, 041103 (2006) [arXiv:astro-ph/0510453].
[10] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, JCAP 0502, 010 (2005) [arXiv:hep-th/0501096].
[11] S. Nojiri and S. D. Odintsov, AIP Conf. Proc. 1241, 1094 (2010) [arXiv:0910.1464 [hep-th]].
[12] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13, 3 (2010) [arXiv:1002.4928 [gr-qc]].
[13] S. Carloni, P. K. S. Dunsby and A. Troisi, Phys. Rev. D 77, 024024 (2008) [arXiv:0707.0106 [gr-qc]].
[14] S. Carloni, E. Elizalde and S. Odintsov, Gen. Rel. Grav. 42, 1667 (2010) [arXiv:0907.3941 [gr-qc]].
[15] W. Hu and I. Sawicki, Phys. Rev. D 76, 064004 (2007) [arXiv:0705.1158 [astro-ph]].
[16] S. Capozziello, S. Nojiri and S. D. Odintsov, Phys. Lett. B 634, 93 (2006) [arXiv:hep-th/0512118].
[17] R. R. Caldwell, Phys. Lett. B 545, 23 (2002) [arXiv:astro-ph/9908168].
[18] S. Capozziello, S. Nojiri, S. D. Odintsov and A. Troisi, Phys. Lett. B 639, 135 (2006) [arXiv:astro-ph/0604431].
[19] A. D. Dolgov and M. Kawasaki, Phys. Lett. B 573, 1 (2003) [arXiv:astro-ph/0307285].
[20] S. Capozziello, Int. J. Mod. Phys. D 11, 483 (2002) [arXiv:gr-qc/0201033].
[21] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D 70, 043528 (2004) [arXiv:astro-ph/0306438].
[22] S. Capozziello, S. Carloni and A. Troisi, Recent Res. Dev. Astron. Astrophys. 1, 625 (2003) [arXiv:astro-ph/0303041].
[23] S. Capozziello, arXiv:gr-qc/0412088;
X. H. Meng and P. Wang, Gen. Rel. Grav. 36, 1947 (2004) [arXiv:gr-qc/0311019];
A. E. Dominguez and D. E. Barraco, Phys. Rev. D 70, 043505 (2004) [arXiv:gr-qc/0408069];
G. Allemandi, M. Francaviglia, M. L. Ruggiero and A. Tartaglia, Gen. Rel. Grav. 37, 1891 (2005) [arXiv:gr-qc/0506123];
T. Koivisto, Class. Quant. Grav. 23, 4289 (2006) [arXiv:gr-qc/0505128];
G. J. Olmo, Phys. Rev. D 72, 083505 (2005);
I. Navarro and K. Van Acoleyen, Phys. Lett. B 622, 1 (2005) [arXiv:gr-qc/0506096];
J. A. R. Cembranos, Phys. Rev. D 73, 064029 (2006) [arXiv:gr-qc/0507039]. T. P. Sotiriou, Gen. Rel. Grav. 38, 1407
(2006) [arXiv:gr-qc/0507027];
M. Amarzguioui, O. Elgaroy, D. F. Mota and T. Multamaki, Astron. Astrophys. 454, 707 (2006) [arXiv:astro-ph/0510519];
C. G. Shao, R. G. Cai, B. Wang and R. K. Su, Phys. Lett. B 633, 164 (2006) [arXiv:gr-qc/0511034];
K. A. Bronnikov, S. A. Kononogov and V. N. Melnikov, Gen. Rel. Grav. 38, 1215 (2006) [arXiv:gr-qc/0601114];
K. Atazadeh and H. R. Sepangi, Int. J. Mod. Phys. D 16, 687 (2007) [arXiv:gr-qc/0602028].
[24] M. E. Soussa and R. P. Woodard, Gen. Rel. Grav. 36, 855 (2004) [arXiv:astro-ph/0308114].
[25] R. P. Woodard, Lect. Notes Phys. 720, 403 (2007) [arXiv:astro-ph/0601672].
[26] S. Nojiri and S. D. Odintsov, Mod. Phys. Lett. A 19, 627 (2004) [arXiv:hep-th/0310045].
[27] T. Chiba, Phys. Lett. B 575, 1 (2003) [arXiv:astro-ph/0307338].
[28] S. Nojiri and S. D. Odintsov, Gen. Rel. Grav. 36, 1765 (2004) [arXiv:hep-th/0308176].
95
[29] X. H. Meng and P. Wang, Phys. Lett. B 584, 1 (2004) [arXiv:hep-th/0309062].
[30] S. Nojiri and S. D. Odintsov, Phys. Lett. B 657, 238 (2007) [arXiv:0707.1941 [hep-th]].
[31] S. Nojiri and S. D. Odintsov, Phys. Rev. D 77, 026007 (2008) [arXiv:0710.1738 [hep-th]].
[32] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov, L. Sebastiani and S. Zerbini, Phys. Rev. D 77, 046009 (2008)
[arXiv:0712.4017 [hep-th]].
[33] B. McInnes, JHEP 0208 (2002) 029 [arXiv:hep-th/0112066];
S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147 (2003) [arXiv:hep-th/0303117];
S. Nojiri and S. D. Odintsov, Phys. Lett. B 571, 1 (2003) [arXiv:hep-th/0306212];
V. Faraoni, Int. J. Mod. Phys. D 11, 471 (2002) [arXiv:astro-ph/0110067];
P. F. Gonzalez-Diaz, Phys. Lett. B 586, 1 (2004) [arXiv:astro-ph/0312579];
P. F. Gonzalez-Diaz, TSPU Vestnik 44N7, 36 (2004) [arXiv:hep-th/0408225];
B. McInnes, Nucl. Phys. B 718, 55 (2005) [arXiv:hep-th/0502209];
P. Singh, M. Sami and N. Dadhich, Phys. Rev. D 68, 023522 (2003) [arXiv:hep-th/0305110];
C. Csaki, N. Kaloper and J. Terning, Annals Phys. 317, 410 (2005) [arXiv:astro-ph/0409596]. P. X. Wu and H. W. Yu,
Nucl. Phys. B 727, 355 (2005) [arXiv:astro-ph/0407424]. S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 70, 123529
(2004) [arXiv:astro-ph/0410309]. M. Sami and A. Toporensky, Mod. Phys. Lett. A 19, 1509 (2004) [arXiv:gr-qc/0312009];
H. Stefancic, Phys. Lett. B 586, 5 (2004) [arXiv:astro-ph/0310904];
L. P. Chimento and R. Lazkoz, Phys. Rev. Lett. 91, 211301 (2003) [arXiv:gr-qc/0307111];
Mod. Phys. Lett. A 19, 2479 (2004) [arXiv:gr-qc/0405020];
J. G. Hao and X. Z. Li, Phys. Lett. B 606, 7 (2005) [arXiv:astro-ph/0404154];
E. Babichev, V. Dokuchaev and Yu. Eroshenko, Class. Quant. Grav. 22, 143 (2005) [arXiv:astro-ph/0407190];
X. F. Zhang, H. Li, Y. S. Piao and X. M. Zhang, Mod. Phys. Lett. A 21, 231 (2006) [arXiv:astro-ph/0501652];
E. Elizalde, S. Nojiri, S. D. Odintsov and P. Wang, Phys. Rev. D 71, 103504 (2005) [arXiv:hep-th/0502082];
M. P. Dabrowski and T. Stachowiak, Annals Phys. 321, 771 (2006) [arXiv:hep-th/0411199];
F. S. N. Lobo, Phys. Rev. D 71, 084011 (2005) [arXiv:gr-qc/0502099];
R. G. Cai, H. S. Zhang and A. Wang, Commun. Theor. Phys. 44, 948 (2005) [arXiv:hep-th/0505186];
I. Y. Aref’eva, A. S. Koshelev and S. Y. Vernov, Theor. Math. Phys. 148, 895 (2006) [Teor. Mat. Fiz. 148, 23 (2006)]
[arXiv:astro-ph/0412619];
Phys. Rev. D 72, 064017 (2005) [arXiv:astro-ph/0507067];
H. Q. Lu, Z. G. Huang and W. Fang, arXiv:hep-th/0504038;
W. Godlowski and M. Szydlowski, Phys. Lett. B 623, 10 (2005) [arXiv:astro-ph/0507322];
J. Sola and H. Stefancic, Phys. Lett. B 624, 147 (2005) [arXiv:astro-ph/0505133];
B. Guberina, R. Horvat and H. Nikolic, Phys. Rev. D 72, 125011 (2005) [arXiv:astro-ph/0507666];
M. P. Dabrowski, C. Kiefer and B. Sandhofer, Phys. Rev. D 74, 044022 (2006) [arXiv:hep-th/0605229];
E. M. Barbaoza and N. A. Lemos, arXiv:gr-qc/0606084.
[34] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005) [arXiv:hep-th/0501025].
[35] J. D. Barrow, Class. Quant. Grav. 21, L79 (2004) [arXiv:gr-qc/0403084];
S. Cotsakis and I. Klaoudatou, J. Geom. Phys. 55, 306 (2005) [arXiv:gr-qc/0409022];
S. Nojiri and S. D. Odintsov, Phys. Lett. B 595, 1 (2004) [arXiv:hep-th/0405078];
J. D. Barrow, Class. Quant. Grav. 21, 5619 (2004) [arXiv:gr-qc/0409062];
V. Sahni and Y. Shtanov, JCAP 0311, 014 (2003) [arXiv:astro-ph/0202346];
K. Lake, Class. Quant. Grav. 21, L129 (2004) [arXiv:gr-qc/0407107];
J. D. Barrow and C. G. Tsagas, Class. Quant. Grav. 22, 1563 (2005) [arXiv:gr-qc/0411045];
M. P. Dabrowski, Phys. Rev. D 71, 103505 (2005) [arXiv:gr-qc/0410033];
Phys. Lett. B 625, 184 (2005); A. Balcerzak and M. P. Dabrowski, Phys. Rev. D 73, 101301 (2006) [arXiv:hep-th/0604034];
L. Fernandez-Jambrina and R. Lazkoz, Phys. Rev. D 70, 121503 (2004) [arXiv:gr-qc/0410124]; Phys. Rev. D 74, 064030
(2006) [arXiv:gr-qc/0607073]; arXiv:0805.2284 [gr-qc];
P. Tretyakov, A. Toporensky, Y. Shtanov and V. Sahni, Class. Quant. Grav. 23, 3259 (2006) [arXiv:gr-qc/0510104];
H. Stefancic, Phys. Rev. D 71, 084024 (2005) [arXiv:astro-ph/0411630];
A. V. Yurov, A. V. Astashenok and P. F. Gonzalez-Diaz, Grav. Cosmol. 14, 205 (2008) [arXiv:0705.4108 [astro-ph]];
I. Brevik and O. Gorbunova, Eur. Phys. J. C 56, 425 (2008) [arXiv:0806.1399 [gr-qc]];
M. Bouhmadi-Lopez, P. F. Gonzalez-Diaz and P. Martin-Moruno, Phys. Lett. B 659, 1 (2008) [arXiv:gr-qc/0612135];
arXiv:0707.2390 [gr-qc];
M. Sami, P. Singh and S. Tsujikawa, Phys. Rev. D 74, 043514 (2006) [arXiv:gr-qc/0605113];
C. Cattoen and M. Visser, Class. Quant. Grav. 22, 4913 (2005) [arXiv:gr-qc/0508045];
J. D. Barrow and S. Z. W. Lip, arXiv:0901.1626 [gr-qc];
M. Bouhmadi-Lopez, Y. Tavakoli and P. V. Moniz, arXiv:0911.1428 [gr-qc].
[36] S. Nojiri and S. D. Odintsov, Phys. Rev. D 78, 046006 (2008) [arXiv:0804.3519 [hep-th]].
[37] M. C. B. Abdalla, S. Nojiri and S. D. Odintsov, Class. Quant. Grav. 22, L35 (2005) [arXiv:hep-th/0409177].
[38] S. A. Appleby and R. A. Battye, Phys. Lett. B 654, 7 (2007) [arXiv:0705.3199 [astro-ph]];
A. A. Starobinsky, JETP Lett. 86, 157 (2007) [arXiv:0706.2041 [astro-ph]];
S. Nojiri and S. D. Odintsov, Phys. Lett. B 652, 343 (2007) [arXiv:0706.1378 [hep-th]];
L. Pogosian and A. Silvestri, Phys. Rev. D 77, 023503 (2008) [Erratum-ibid. D 81, 049901 (2010)] [arXiv:0709.0296
[astro-ph]];
96
S. Capozziello and S. Tsujikawa, Phys. Rev. D 77, 107501 (2008) [arXiv:0712.2268 [gr-qc]].
[39] K. Bamba, S. Nojiri and S. D. Odintsov, JCAP 0810, 045 (2008) [arXiv:0807.2575 [hep-th]].
[40] S. Capozziello, M. De Laurentis, S. Nojiri and S. D. Odintsov, Phys. Rev. D 79, 124007 (2009) [arXiv:0903.2753 [hep-th]].
[41] K. Bamba, S. D. Odintsov, L. Sebastiani and S. Zerbini, Eur. Phys. J. C 67, 295 (2010) [arXiv:0911.4390 [hep-th]].
[42] T. Kobayashi and K. i. Maeda, Phys. Rev. D 79, 024009 (2009) [arXiv:0810.5664 [astro-ph]].
[43] M. Sami, arXiv:0904.3445 [hep-th].
[44] I. Thongkool, M. Sami, R. Gannouji and S. Jhingan, Phys. Rev. D 80, 043523 (2009) [arXiv:0906.2460 [hep-th]].
[45] E. Babichev and D. Langlois, Phys. Rev. D 81, 124051 (2010) [arXiv:0911.1297 [gr-qc]].
[46] S. A. Appleby and J. Weller, arXiv:1008.2693 [astro-ph.CO].
[47] S. Nojiri and S. D. Odintsov, Phys. Lett. B 686, 44 (2010) [arXiv:0911.2781 [hep-th]].
[48] K. Bamba, C. Q. Geng and C. C. Lee, JCAP 1008, 021 (2010) [arXiv:1005.4574 [astro-ph.CO]];
E. V. Linder, Phys. Rev. D 80, 123528 (2009) [arXiv:0905.2962 [astro-ph.CO]];
L. Yang, C. C. Lee, L. W. Luo and C. Q. Geng, arXiv:1010.2058 [astro-ph.CO].
[49] S. Nojiri and S. D. Odintsov, arXiv:1008.4275 [hep-th].
[50] J. Khoury and A. Weltman, Phys. Rev. D 69, 044026 (2004) [arXiv:astro-ph/0309411].
[51] P. Brax, C. van de Bruck, A. C. Davis, J. Khoury and A. Weltman, Phys. Rev. D 70 (2004) 123518
[arXiv:astro-ph/0408415].
[52] S. Nojiri and S. D. Odintsov, Phys. Lett. B 631, 1 (2005) [arXiv:hep-th/0508049].
[53] S. Nojiri, S. D. Odintsov and O. G. Gorbunova, J. Phys. A 39, 6627 (2006) [arXiv:hep-th/0510183].
[54] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D 73, 084007 (2006) [arXiv:hep-th/0601008].
[55] S. Nojiri, S. D. Odintsov and M. Sasaki, Phys. Rev. D 71, 123509 (2005) [arXiv:hep-th/0504052].
[56] M. Sami, A. Toporensky, P. V. Tretjakov and S. Tsujikawa, Phys. Lett. B 619, 193 (2005) [arXiv:hep-th/0504154].
[57] G. Calcagni, S. Tsujikawa and M. Sami, Class. Quant. Grav. 22, 3977 (2005) [arXiv:hep-th/0505193].
[58] H. M. Sadjadi, arXiv:1009.2941 [gr-qc];
R. Myrzakulov, D. Saez-Gomez and A. Tureanu, arXiv:1009.0902 [gr-qc];
L. Sebastiani, arXiv:1008.3041 [gr-qc];
J. Middleton, arXiv:1007.4669 [gr-qc];
A. De Felice and T. Tanaka, Prog. Theor. Phys. 124, 503 (2010) [arXiv:1006.4399 [astro-ph.CO]];
O. Gorbunova and L. Sebastiani, arXiv:1004.1505 [gr-qc];
J. Moldenhauer, M. Ishak, J. Thompson and D. A. Easson, Phys. Rev. D 81, 063514 (2010) [arXiv:1004.2459 [astro-
ph.CO]];
I. D. Saltas and M. Hindmarsh, arXiv:1002.1710 [gr-qc];
E. Elizalde, R. Myrzakulov, V. V. Obukhov and D. Saez-Gomez, Class. Quant. Grav. 27, 095007 (2010) [arXiv:1001.3636
[gr-qc]];
R. Di Criscienzo and S. Zerbini, J. Math. Phys. 50, 103517 (2009) [Erratum-ibid. 51, 059901 (2010)] [arXiv:0907.4265
[hep-th]];
A. De Felice and S. Tsujikawa, Phys. Rev. D 80, 063516 (2009) [arXiv:0907.1830 [hep-th]];
N. Goheer, R. Goswami, P. K. S. Dunsby and K. Ananda, Phys. Rev. D 79, 121301 (2009) [arXiv:0904.2559 [gr-qc]];
S. Y. Zhou, E. J. Copeland and P. M. Saffin, JCAP 0907, 009 (2009) [arXiv:0903.4610 [gr-qc]];
K. Uddin, J. E. Lidsey and R. Tavakol, Gen. Rel. Grav. 41, 2725 (2009) [arXiv:0903.0270 [gr-qc]];
C. G. Boehmer and F. S. N. Lobo, Phys. Rev. D 79, 067504 (2009) [arXiv:0902.2982 [gr-qc]];
M. Alimohammadi and A. Ghalee, Phys. Rev. D 79, 063006 (2009) [arXiv:0811.1286 [gr-qc]];
S. C. Davis, arXiv:0709.4453 [hep-th];
B. Li, J. D. Barrow and D. F. Mota, Phys. Rev. D 76, 044027 (2007) [arXiv:0705.3795 [gr-qc]];
I. H. Brevik and J. Quiroga, Int. J. Mod. Phys. D 16, 817 (2007) [arXiv:gr-qc/0610044].
[59] D. G. Boulware and S. Deser, Phys. Lett. B 175, 409 (1986).
[60] S. Nojiri, S. D. Odintsov and M. Sami, Phys. Rev. D 74, 046004 (2006) [arXiv:hep-th/0605039].
[61] M. Satoh, arXiv:1008.2724 [astro-ph.CO];
Z. K. Guo and D. J. Schwarz, Phys. Rev. D 81, 123520 (2010) [arXiv:1001.1897 [hep-th]];
K. Nozari, T. Azizi and M. R. Setare, JCAP 0910, 022 (2009) [arXiv:0910.0611 [gr-qc]];
Z. K. Guo and D. J. Schwarz, Phys. Rev. D 80, 063523 (2009) [arXiv:0907.0427 [hep-th]];
J. Sadeghi, M. R. Setare, A. Banijamali and F. Milani, Phys. Rev. D 79, 123003 (2009);
T. S. Koivisto, D. F. Mota and C. Pitrou, JHEP 0909, 092 (2009) [arXiv:0903.4158 [astro-ph.CO]];
M. Gurses, Gen. Rel. Grav. 40, 1825 (2008);
M. R. Setare and E. N. Saridakis, Phys. Lett. B 670, 1 (2008) [arXiv:0810.3296 [hep-th]];
B. C. Paul and S. Ghose, Gen. Rel. Grav. 42, 795 (2010) [arXiv:0809.4131 [hep-th]];
M. Satoh and J. Soda, JCAP 0809, 019 (2008) [arXiv:0806.4594 [astro-ph]];
R. G. Cai, B. Hu and S. Koh, Phys. Lett. B 671, 181 (2009) [arXiv:0806.2508 [hep-th]];
D. Bazeia, R. Menezes and A. Y. Petrov, Eur. Phys. J. C 58, 171 (2008) [arXiv:0806.2299 [hep-th]];
R. Chingangbam, M. Sami, P. V. Tretyakov and A. V. Toporensky, Phys. Lett. B 661, 162 (2008) [arXiv:0711.2122
[hep-th]];
E. Elizalde, J. Q. Hurtado and H. I. Arcos, Int. J. Mod. Phys. D 17, 2159 (2008) [arXiv:0708.0591 [gr-qc]];
K. Bamba, Z. K. Guo and N. Ohta, Prog. Theor. Phys. 118, 879 (2007) [arXiv:0707.4334 [hep-th]];
S. Nojiri, S. D. Odintsov and P. V. Tretyakov, Phys. Lett. B 651, 224 (2007) [arXiv:0704.2520 [hep-th]];
97
B. M. Leith and I. P. Neupane, JCAP 0705, 019 (2007) [arXiv:hep-th/0702002];
G. Cognola, E. Elizalde, S. Nojiri, S. Odintsov and S. Zerbini, Phys. Rev. D 75, 086002 (2007) [arXiv:hep-th/0611198];
T. P. Sotiriou and E. Barausse, Phys. Rev. D 75, 084007 (2007) [arXiv:gr-qc/0612065];
T. Koivisto and D. F. Mota, Phys. Rev. D 75, 023518 (2007) [arXiv:hep-th/0609155];
S. Tsujikawa and M. Sami, JCAP 0701, 006 (2007) [arXiv:hep-th/0608178];
A. K. Sanyal, Phys. Lett. B 645, 1 (2007) [arXiv:astro-ph/0608104];
T. Koivisto and D. F. Mota, Phys. Lett. B 644, 104 (2007) [arXiv:astro-ph/0606078];
B. M. N. Carter and I. P. Neupane, JCAP 0606, 004 (2006) [arXiv:hep-th/0512262];
B. M. N. Carter and I. P. Neupane, Phys. Lett. B 638, 94 (2006) [arXiv:hep-th/0510109].
[62] E. Elizalde, S. Jhingan, S. Nojiri, S. D. Odintsov, M. Sami and I. Thongkool, Eur. Phys. J. C 53, 447 (2008)
[arXiv:0705.1211 [hep-th]].
[63] S. Deser and R. P. Woodard, Phys. Rev. Lett. 99, 111301 (2007) [arXiv:0706.2151 [astro-ph]];
C. Deffayet and R. P. Woodard, JCAP 0908, 023 (2009) [arXiv:0904.0961 [gr-qc]].
[64] S. Nojiri and S. D. Odintsov, Phys. Lett. B 659, 821 (2008) [arXiv:0708.0924 [hep-th]].
[65] S. Jhingan, S. Nojiri, S. D. Odintsov, M. Sami, I. Thongkool and S. Zerbini, Phys. Lett. B 663, 424 (2008) [arXiv:0803.2613
[hep-th]].
[66] S. Nojiri, S. D. Odintsov, M. Sasaki and Y. l. Zhang, arXiv:1010.5375 [gr-qc];
T. Koivisto, Phys. Rev. D 77, 123513 (2008) [arXiv:0803.3399 [gr-qc]];
T. S. Koivisto, Phys. Rev. D 78, 123505 (2008) [arXiv:0807.3778 [gr-qc]];
N. A. Koshelev, Grav. Cosmol. 15, 220 (2009) [arXiv:0809.4927 [gr-qc]];
S. Nesseris and A. Mazumdar, Phys. Rev. D 79, 104006 (2009) [arXiv:0902.1185 [astro-ph.CO]];
K. A. Bronnikov and E. Elizalde, Phys. Rev. D 81, 044032 (2010) [arXiv:0910.3929 [hep-th]];
G. Calcagni and G. Nardelli, arXiv:1004.5144 [hep-th].
[67] S. Capozziello, E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Lett. B 671 (2009) 193 [arXiv:0809.1535 [hep-th]].
[68] G. Cognola, E. Elizalde, S. Nojiri, S. D. Odintsov and S. Zerbini, Eur. Phys. J. C 64, 483 (2009) [arXiv:0905.0543 [gr-qc]].
[69] S. Nojiri and S. D. Odintsov, Phys. Lett. B 599, 137 (2004) [arXiv:astro-ph/0403622].
[70] G. Allemandi, A. Borowiec, M. Francaviglia and S. D. Odintsov, Phys. Rev. D 72, 063505 (2005) [arXiv:gr-qc/0504057].
[71] S. Capozziello, G. Lambiase and H. J. Schmidt, Annalen Phys. 9, 39 (2000) [arXiv:gr-qc/9906051].
[72] T. Harko, Phys. Lett. B 669, 376 (2008) [arXiv:0810.0742 [gr-qc]];
T. Harko, Phys. Rev. D 81, 044021 (2010) [arXiv:1001.5349 [gr-qc]];
L. N. Granda and W. Cardona, JCAP 1007, 021 (2010) [arXiv:1005.2716 [hep-th]];
T. Harko and F. S. N. Lobo, arXiv:1008.4193 [gr-qc];
T. Harko, F. S. N. Lobo, S. Nojiri and S. D. Odintsov, arXiv:1104.2669 [gr-qc].
[73] V. Faraoni, Phys. Rev. D 80, 124040 (2009) [arXiv:0912.1249 [astro-ph.GA]];
O. Bertolami, C. G. Boehmer, T. Harko and F. S. N. Lobo, Phys. Rev. D 75, 104016 (2007) [arXiv:0704.1733 [gr-qc]].
[74] T. Harko and F. S. N. Lobo, arXiv:1007.4415 [gr-qc];
C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, arXiv:1008.0048 [hep-th];
M. Mohseni, Phys. Lett. B 682, 89 (2009) [arXiv:0911.2754 [hep-th]];
L. N. Granda, JCAP 1007, 006 (2010) [arXiv:0911.3702 [hep-th]];
C. Gao, JCAP 1006, 023 (2010) [arXiv:1002.4035 [gr-qc]];
G. Cognola, E. Elizalde, S. Nojiri and S. D. Odintsov, Open Astron. J. 3, 20 (2010) [arXiv:0909.2747 [gr-qc]];
J. Sadeghi, M. R. Setare and A. Banijamali, Eur. Phys. J. C 64, 433 (2009) [arXiv:0906.0713 [hep-th]];
A. Borowiec, arXiv:0812.4383 [gr-qc];
S. Nesseris, Phys. Rev. D 79, 044015 (2009) [arXiv:0811.4292 [astro-ph]];
T. S. Koivisto, arXiv:0811.1957 [astro-ph];
D. Puetzfeld and Y. N. Obukhov, Phys. Rev. D 78, 121501 (2008) [arXiv:0811.0913 [astro-ph]];
T. P. Sotiriou and V. Faraoni, Class. Quant. Grav. 25, 205002 (2008) [arXiv:0805.1249 [gr-qc]];
T. P. Sotiriou, Phys. Lett. B 664, 225 (2008) [arXiv:0805.1160 [gr-qc]];
S. M. Barr, S. P. Ng and R. J. Scherrer, Phys. Rev. D 73, 063530 (2006) [arXiv:hep-ph/0601053];
T. Inagaki, S. Nojiri and S. D. Odintsov, JCAP 0506, 010 (2005) [arXiv:gr-qc/0504054];
O. Bertolami, J. Paramos, T. Harko and F. S. N. Lobo, arXiv:0811.2876 [gr-qc];
O. Bertolami and J. Paramos, Class. Quant. Grav. 25, 245017 (2008) [arXiv:0805.1241 [gr-qc]].
[75] K. Bamba and S. D. Odintsov, JCAP 0804, 024 (2008) [arXiv:0801.0954 [astro-ph]].
[76] A. B. Balakin and W. T. Ni, Class. Quant. Grav. 27, 055003 (2010) [arXiv:0911.2946 [gr-qc]];
H. J. Mosquera Cuesta and G. Lambiase, Phys. Rev. D 80, 023013 (2009) [arXiv:0907.3678 [astro-ph.CO]];
A. B. Balakin, V. V. Bochkarev and J. P. S. Lemos, Phys. Rev. D 77, 084013 (2008) [arXiv:0712.4066 [gr-qc]];
A. B. Balakin and J. P. S. Lemos, Class. Quant. Grav. 22, 1867 (2005) [arXiv:gr-qc/0503076];
J. B. Jimenez and A. L. Maroto, Phys. Lett. B 686, 175 (2010) [arXiv:0903.4672 [astro-ph.CO]].
[77] K. Bamba, S. Nojiri and S. D. Odintsov, Phys. Rev. D 77, 123532 (2008) [arXiv:0803.3384 [hep-th]].
[78] W. Zhao, Y. Zhang and M. L. Tong, arXiv:0909.3874 [astro-ph.CO];
B. Himmetoglu, C. R. Contaldi and M. Peloso, Phys. Rev. D 80, 123530 (2009) [arXiv:0909.3524 [astro-ph.CO]];
A. B. Balakin, H. Dehnen and A. E. Zayats, Annals Phys. 323, 2183 (2008) [arXiv:0804.2196 [gr-qc]];
A. B. Balakin, H. Dehnen and A. E. Zayats, Int. J. Mod. Phys. D 17, 1255 (2008) [arXiv:0710.4992 [gr-qc]];
E. Elizalde, J. E. Lidsey, S. Nojiri and S. D. Odintsov, Phys. Lett. B 574, 1 (2003) [arXiv:hep-th/0307177].
98
[79] M. Chaichian, S. Nojiri, S. D. Odintsov, M. Oksanen and A. Tureanu, Class. Quant. Grav. 27, 185021 (2010)
[arXiv:1001.4102 [hep-th]];
S. Carloni, M. Chaichian, S. Nojiri, S. D. Odintsov, M. Oksanen and A. Tureanu, arXiv:1003.3925 [hep-th].
[80] R. L. Arnowitt, S. Deser and C. W. Misner, arXiv:gr-qc/0405109, originally “Gravitation: An Introduction to Current
Research”, L. Witten ed., Wiley, New York, 1962.
[81] C. Gao, arXiv:0905.0310 [astro-ph.CO].
[82] R. M. Wald, General Relativity, University of Chicago Press, 1984, Chicago and London.
[83] E´. Gourgoulhon, arXiv:gr-qc/0703035.
[84] P. Horˇava, Phys. Rev. D 79, 084008 (2009) [arXiv:0901.3775 [hep-th]].
[85] J. Klusonˇ, arXiv:0910.5852 [hep-th];
J. Kluson, JHEP 0911, 078 (2009) [arXiv:0907.3566 [hep-th]].
[86] M. Henneaux, A. Kleinschmidt and G. L. Gomez, arXiv:0912.0399 [hep-th].
[87] M. Li and Y. Pang, JHEP 0908, 015 (2009) [arXiv:0905.2751 [hep-th]].
[88] S. Mukohyama, Phys. Rev. D 80, 064005 (2009) [arXiv:0905.3563 [hep-th]].
[89] E. Elizalde, S. Nojiri, S. D. Odintsov and D. Saez-Gomez, arXiv:1006.3387 [hep-th].
[90] T. Takahashi and J. Soda, Phys. Rev. Lett. 102, 231301 (2009) [arXiv:0904.0554 [hep-th]].
[91] E. Kiritsis and G. Kofinas, Nucl. Phys. B 821, 467 (2009) [arXiv:0904.1334 [hep-th]].
[92] R. Brandenberger, Phys. Rev. D 80, 043516 (2009) [arXiv:0904.2835 [hep-th]].
[93] S. Mukohyama, K. Nakayama, F. Takahashi and S. Yokoyama, Phys. Lett. B 679, 6 (2009) [arXiv:0905.0055 [hep-th]].
[94] T. P. Sotiriou, M. Visser and S. Weinfurtner, JHEP 0910, 033 (2009) [arXiv:0905.2798 [hep-th]].
[95] E. N. Saridakis, Eur. Phys. J. C 67, 229 (2010) [arXiv:0905.3532 [hep-th]].
[96] M. Minamitsuji, Phys. Lett. B 684, 194 (2010) [arXiv:0905.3892 [astro-ph.CO]].
[97] G. Calcagni, Phys. Rev. D 81, 044006 (2010) [arXiv:0905.3740 [hep-th]].
[98] A. Wang and Y. Wu, JCAP 0907, 012 (2009) [arXiv:0905.4117 [hep-th]].
[99] M. i. Park, JHEP 0909, 123 (2009) [arXiv:0905.4480 [hep-th]].
[100] S. Nojiri and S. D. Odintsov, Phys. Rev. D 81, 043001 (2010) [arXiv:0905.4213 [hep-th]].
[101] M. Jamil, E. N. Saridakis and M. R. Setare, Phys. Lett. B 679, 172 (2009) [arXiv:0906.2847 [hep-th]].
[102] C. Bogdanos and E. N. Saridakis, Class. Quant. Grav. 27, 075005 (2010) [arXiv:0907.1636 [hep-th]].
[103] C. G. Boehmer and F. S. N. Lobo, arXiv:0909.3986 [gr-qc].
[104] I. Bakas, F. Bourliot, D. Lust and M. Petropoulos, Class. Quant. Grav. 27, 045013 (2010) [arXiv:0911.2665 [hep-th]].
[105] G. Calcagni, JHEP 0909, 112 (2009) [arXiv:0904.0829 [hep-th]].
[106] S. Carloni, E. Elizalde and P. J. Silva, Class. Quant. Grav. 27, 045004 (2010) [arXiv:0909.2219 [hep-th]].
[107] X. Gao, Y. Wang, W. Xue and R. Brandenberger, JCAP 1002, 020 (2010) [arXiv:0911.3196 [hep-th]].
[108] Y. S. Myung, Y. W. Kim, W. S. Son and Y. J. Park, arXiv:0911.2525 [gr-qc].
[109] E. J. Son and W. Kim, arXiv:1003.3055 [hep-th].
[110] A. Wang, arXiv:1003.5152 [hep-th].
[111] A. Ali, S. Dutta, E. N. Saridakis and A. A. Sen, arXiv:1004.2474 [astro-ph.CO].
[112] J. O. Gong, S. Koh and M. Sasaki, Phys. Rev. D 81, 084053 (2010) [arXiv:1002.1429 [hep-th]].
[113] E. Elizalde and D. Saez-Gomez, Phys. Rev. D 80, 044030 (2009) [arXiv:0903.2732 [hep-th]].
[114] S. Nojiri and S. D. Odintsov, Phys. Lett. B 691, 60 (2010) [arXiv:1004.3613 [hep-th]].
[115] S. Nojiri and S. D. Odintsov, arXiv:1007.4856 [hep-th].
[116] J. Kluson, S. Nojiri and S. D. Odintsov, arXiv:1104.4286 [hep-th].
[117] M. Chaichian and A. Demichev, Path Integrals in Physics, Vol. I and II, Institute of Physics Publishing, 2001, Bristol
and Philadelphia;
M. Henneaux and C. Teitelboim, Quantization of Gauge Systems, Princeton University Press, 1994, Princeton, New
Jersey.
[118] S. Nojiri and S. D. Odintsov, Phys. Rev. D 72, 023003 (2005) [arXiv:hep-th/0505215];
S. Capozziello, V. F. Cardone, E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 73, 043512 (2006)
[arXiv:astro-ph/0508350].
[119] S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 103522 (2004) [arXiv:hep-th/0408170].
[120] S. Nojiri and S. D. Odintsov, Phys. Rev. D 74, 086005 (2006) [arXiv:hep-th/0608008].
[121] S. Nojiri and S. D. Odintsov, J. Phys. Conf. Ser. 66, 012005 (2007) [arXiv:hep-th/0611071]; hep-th/0610164;
[122] S. Nojiri and S. D. Odintsov, Phys. Lett. B 676, 94 (2009) [arXiv:0903.5231 [hep-th]];
S. Nojiri, S. D. Odintsov and H. Stefancic, Phys. Rev. D 74, 086009 (2006) [arXiv:hep-th/0608168].
[123] S. Nojiri and S. D. Odintsov, Gen. Rel. Grav. 38, 1285 (2006) [arXiv:hep-th/0506212].
[124] S. Capozziello, S. Nojiri and S. D. Odintsov, Phys. Lett. B 632, 597 (2006) [arXiv:hep-th/0507182].
[125] A. Vikman, Phys. Rev. D 71, 023515 (2005) [arXiv:astro-ph/0407107].
[126] E. Komatsu et al. [WMAP Collaboration], Astrophys. J. Suppl. 180, 330 (2009) [arXiv:0803.0547 [astro-ph]].
[127] D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148, 175 (2003) [arXiv:astro-ph/0302209].
[128] H. V. Peiris et al. [WMAP Collaboration], Astrophys. J. Suppl. 148, 213 (2003) [arXiv:astro-ph/0302225].
[129] D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 170, 377 (2007) [arXiv:astro-ph/0603449].
[130] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).
[131] E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 043539 (2004) [arXiv:hep-th/0405034].
99
[132] S. Nojiri, H. Yoshioka, unpublished.
[133] E. Elizalde, S. Nojiri, S. D. Odintsov, D. Saez-Gomez and V. Faraoni, Phys. Rev. D 77 (2008) 106005 [arXiv:0803.1311
[hep-th]].
[134] J. Matsumoto and S. Nojiri, Phys. Lett. B 687, 236 (2010) [arXiv:1001.0220 [hep-th]].
[135] K. Bamba, C. Q. Geng, S. Nojiri and S. D. Odintsov, Phys. Rev. D 79, 083014 (2009) [arXiv:0810.4296 [hep-th]].
[136] S. Capozziello, J. Matsumoto, S. Nojiri and S. D. Odintsov, Phys. Lett. B 693, 198 (2010) [arXiv:1004.3691 [hep-th]].
[137] E. A. Lim, I. Sawicki and A. Vikman, JCAP 1005, 012 (2010) [arXiv:1003.5751 [astro-ph.CO]];
C. Gao, Y. Gong, X. Wang and X. Chen, arXiv:1003.6056 [astro-ph.CO];
Y. F. Cai and E. N. Saridakis, arXiv:1007.3204 [astro-ph.CO];
J. Kluson, arXiv:1009.6067 [hep-th].
[138] S. Nojiri, S. D. Odintsov and D. Saez-Gomez, Phys. Lett. B 681, 74 (2009) [arXiv:0908.1269 [hep-th]].
[139] P. K. S. Dunsby, E. Elizalde, R. Goswami, S. Odintsov and D. S. Gomez, arXiv:1005.2205 [gr-qc].
[140] E. Elizalde and A. J. Lopez-Revelles, Phys. Rev. D 82, 063504 (2010) [arXiv:1004.5021 [hep-th]].
[141] J. D. Barrow, Phys. Lett. B 235, 40 (1990).
[142] F. Briscese, E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Lett. B 646, 105 (2007) [arXiv:hep-th/0612220].
